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Abstract: In flow shop scheduling problem n-number of jobs are processed through m- number of machines to achieve the
required objectives like minimizing make-span, reducing cost, meeting the due date etc. The main objectives of this flow
shop problem are minimization of make-span and total flow time of jobs in process. In this paper we try to find the
optimum solution for the problem of six machines arranged in series and jobs are assigned with weights. Transporting
time, loading time and unloading time of the conveyor is considered separately. Johnson’s algorithm is applied for finding
the optimum solution. Total makespan and minimum weighted flow time is calculated.
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1.1 Introduction

Scheduling may contain single machine or more than one machine. In multiple machines model jobs are processed
through multiple operations. There are two types of feasibility constraints- limits on number of machines and limitations on
sequence of jobs processing on the machines. There are different heuristics used for solving these combinatorial optimization
problems. For ex.- Genetic algorithm, Johnson’s algorithm, particle warm method, branch and bound algorithm, tabu search
method, ant colony algorithm etc. The objective function is defined on the basis of cost of the product and includes all constraints
taken in consideration for scheduling.

In loading and unloading system conveyor system is also used at a large scale. In mechanical industries conveyors are
used for transportation of heavy materials. They provides very fast service of transportation hence conveyors are the most famous
in material handling and packing industries like mining, agricultural, computer, electronic, food industry, bottling and canning
etc. Selection of conveyors is based on the actions of conveyors like transportation, categorization, size, weight and shape of
material etc. In some industries robots are used to load or unload the material. In some industries robots are used to load the
material and with the help of some other system material gets unloaded. For ex.- Use of robot is done to load the metal sheet in
the press and after finishing the work it gets unloaded with the help of gravity. In plastic modelling and die casting the loading
process is done without robot and unloading is done with robot. So loading and unloading procedure is very common in most of
the industries for which different types of conveyers are used and the time required for this both activities are noted separately.

Mehrotra® in her thesis considered flow shop scheduling for two and three machines in tandem and considered loading
and unloading time along with transportation times and returning time. Bo Chen et al.? considered a case of flow shop scheduling
problem of three machines and n jobs. He has used O(nlogn) time heuristic which depends on Johnson’s algorithm to minimize
the total completion time of the jobs. Ali Alahverdi® summarized the data of scheduling literature on models with setup times for
more than 300 papers. Qazi Shoeb Ahmad et al.* have solved m machine n job problem with consideration of 3 machines 4jobs
arranged in series. The objective of solving problem is to reduce make-span. Mohammad Sadaqa et al.” also used a concept of
loading and unloading of jobs on machines. The flow shop problem is solved for two as well as three machines and objective of
the solution is to reduce the make-span. The heuristic applied is meta-heuristic for Randomised priority search. Loading concept
of outbound containers was studied by Quingcheng Zeng et al®. Kwei-Long Huang’ used loading and unloading concept in his
research. He considered two types of scheduling synchronous and asynchronous.

Total six numbers of machines are arranged in tandem with five numbers of jobs. Jobs are also assigned with their importance
that is weightage is given according to their importance. Six machines problem reduced into five four, then three and finally in
two machines problem. Johnson’s rule is applied for finding the sequence of jobs. Effect of breakdown interval is observed on
machines and again the problem is redefined, solved and optimum solution is obtained. Total make-span and minimum weighted
flow time is calculated [8, 9, 10].

Following result is used to solve the problem.
An optimal sequence is obtained by sequencing the item i-1, i, i+1 such that

Mln(Pl + LTin + a;j + ULin + Qi + LTQRi + bi + ULQRi + Ri + LTRSi + Ci + ULRSi + Si + LTSVi + di + ULSVi + \/1 + LTVZi +
€; + ULVZi' LTin+1 + Aj1 + ULin+1 + Qi+1 + L'IbRi+l + bi+1 + ULQRi+1 + Ri+1 + LTRSi+1 + Cit1 + ULRSi+1 + Si+1 +
LTy, +dis1 + ULsy,y + Vigr + LTz, + €41 + ULyz, ) +Zigq)
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LTSV1+1 + di+1 + ULSVH,1 + Vi+1 + LTVZi+1 + €it1 + ULVZi+1' LTin +a; + ULin + Qi + LTQRi + bi + ULQRi + Ri + LTRSi +
G + ULgg, + S; + LTy, +d; + ULgy, + Vi + LTz, + ¢ + ULy, +7Z;)

Where P, Q, R, S,V, Z are six machines considered. a; b; c;, d;, & — transporting time

Pi, Qi ,Ri,S; Vi Z;:- Processing time of resp. machine

LTpqi :- loading time at machine P and similarly loading time considered at all machines.

ULpo; :- unloading time at machine Q and similarly unloading time considered at all machines.

1.2 Problem Designing

We can prove the utility of the theorem mentioned for solving the numerical problem with loading and unloading time.

In the given problem six machines namely P, Q, R, S,V, Z are arranged in series loading time, unloading time and transport time
of articles Aq, Ay, Az, -—---- A, are considered. The transporting agent transport the items from machine P to machine Q machine

Qto machine R, machine R to machine S and machine S to machine V and V to Z in such a way that after delivering the articles to
machine Z without delay come back to machine P for transferring the next item.

Let a; denotes transporting time that is the time required for transportation of the articles from P to Q
b; denotes transporting time required for transportation of the articles from Q to R,

c; denotes transporting time required for transportation of the articles from R to S

d; denotes transporting time required for transportation of the articles from Sto V.

e; denotes transporting time required for transportation of the articles from V to Z

For producing the articles machines required the set up time which is denoted by

P; :- Processing time of machine P , Q; :- Processing time of machine Q,

R; :- Processing time of machine R, S;:- Processing time of machine S,

Vi:- Processing time of machine V, Z;:- Processing time of machine Z,

All machines required time for loading items transported by transport agent so that machines will start processing, this time will
be considered as loading time. After finishing the working of machine the articles will be transferred to the next machine, the time
required for unloading of these articles on the particular machine is considered as unloading time.

LTerqi :- loading time at machine P, LTqg; :- loading time at machine Q

LTgs; :- loading time at machine R, LTsy; :- loading time at machine S

LTyzi :- loading time at machine V, ULpq; :- unloading time at machine Q

ULgri :- unloading time at machine R, ULgg;:- unloading time at machine S

ULsv; :- unloading time at machine V, UL,z :- unloading time at machine Z

Six machines problem with loading and unloading time and transportation time is considered satisfying following conditions:
1) Min (Pi+ LTpgi + @i+ ULpgi)= Max (LTpqgi + @i+ ULpgi + Qi)

2) Min (LT gt bi+ ULggi + Ri)= Max (Q; +LTogi + bi+ ULgri)

3) Min (LTgsi+ Ci+ ULgsi+ Si)= Max (R +LTgsi+ Ci + ULgsi)

4) Min (LTgyit+ di+ ULgyi+ Vi)= Max (S; +LTgyi+ di + ULsy;)

5) Min (LTyzi+ &+ ULyzi + Z)= Max (V; +LTyzi+ i+ ULyz)
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Step I:

Suppose FIVE machines E, F, G, O ,W are assumed with the service time E; F; G;, O; Wi resp.Where,
Ei = Pi +LTpqi + & + ULpg; + Qi +LTqri *+ b + ULgg;

Fi = LTpqi+ & + ULpgi + Qi +LTqri + bi + ULggi +R;

Gi=LTgqri + bi + ULggi +Ri +LTgsi + C; + ULgg; +S;

O =LTgsi+ Ci + ULggj +Sij+LTgyi+ di + ULgyi +Vi

Wi =LTsyi+ di + ULsyi +Vi+LTyzi+ € + ULyz +Z;

Article E; F; G; O; W; Wi;
A E; Fi G o)) Wy wty
Ay E, F2 G, 0. W, wt,
Az E;s Fs G; O3 W; Wi;
A, E,4 Fy4 Gy O, W, Wty
As Es Fs Gs Os Ws Wits

Step I1: Now this problem will be reduced into two machine problem.

But first we have to convert it into three machines H, K, L and then by considering two fictitious machines M and N the problem
will be converted into two machines problem.

Hi=Ei+F Ki=F+G;, Li=G; + 0; Ji= 0+ W,

Therefore D; D, Dj are represented as follows:

D;=Hi+K; D,=K; # i Dg=L;+J,

Let M and N are two fictitious machines given by

M=D;+D, N=D,+Ds

Also 1) If min (M,N) = M; then M’; = M; -wt; and N’ =N;
2) If min (M,N) = N;then M'; = M;and N’;= N;+ wt;

Step II:

For getting the proper sequence the new problem is defined as follows and represented in the table form: M'i = M'i/ wt; and N'i
=N'i/ \Nti

Acrticle M'; [ wit; N'; / wi; Wi;
A, M’y [ wt; N’y / wiy wt;
A, M',/ Wi, N',/ Wi, wt,
As M's [ Wt N'3/ Wi Wi
Ay M’y [ wt, N4/ Wiy Wi,
As M’s / wts N's/ wts Wits
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Step 1V:

Considering the breakdown interval and the effect of this time interval should be observed on all jobs. If the jobs are
affected by this time interval then the difference of the interval will be added. With the effect of this breakdown interval, the

problem will be redefined as follows:

1) If the job is affected by the breakdown interval (u;-u,) then

Pi=Pi+ (Ut , Qi=Qi+ (u-U), R'i=Rj+ (U-uy),
S =S+ (UrWp), Vi=Vi+ (U-Wp), Z'i=Zi+ (up-Up)

2) If the job is not affected by the breakdown interval (u;-uy) then
P =P, Qi=0Q;, Ri'=R;, Si’ = Si' Vi’ = Viy Zi' = Zi,

Step V: Applying steps I, 11, I11, IV the problem has been solved for getting the optimal sequence.
The scheduling of all the course of action is in such a way that the minimum time should be required
for getting the optimum solution or whole production For finding the algorithm the above information
can be symbolized and represented in table for finding the sequence by using Johnson’s rule of
sequencing.

1.3 Numerical Example:

Table 8.3.1
35 o o | Z g z z s 5| | 8 § -
sSlad|lgls| J| | L)l J|leg|ls|oc|d|ld|L|ls| I |5 ||| TN E
< _ =) - ) il 3 - ) il )

A; |4|3|5]2 |4 |2 |2 |4 |6 |2 3|46 |23 |5|6|3 |2 |6]|7]S3

Ay

As |8|2(3|1 32|61 8 |12 |4]|8|1 |2 |5 8|12 |6]|9]2

The given data satisfies the following conditions

Min (Pi+ LTpqi + ai+ ULpgi) =15

Max (LTpo;i + ai+ UlLpgi+ Q) =15

Similarly other inequalities are also satisfied.

Step I:

Suppose FIVE machines E, F, G, O and W are assumed with the service time E; F; G;, O; and Wi resp. where,

Ei=Pi +LTpqi + @ + ULpqgi + Qi +LTqri + bi + ULggri
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Fi=LTeqi+ & + ULpgi + Qi +LTqri + bi + ULgri +R;
G =LTqri + bi + ULgri +Ri +LTgsi+ Ci + ULgsi *S;
O =LTgsi* Ci + ULgsi +S; +LTsvi + d; + ULsyi +Vi

Wi =LTsyi+ di + ULsyi +Vi+LTyzi + € + ULyzi +Z;

Table 8.3.2
Acrticle E; Fi Gi O; Wi W;
Ay 29 29 30 31 34 2
A, 28 28 29 32 35 4
Az 26 28 29 31 34 3
Ay 27 29 31 31 34 5
As 26 26 32 31 34 2

Step II:

But first we have to convert it into four machines H, K, L,J and then into three fictitious machines D,,D,,D; and then into
two fictitious machines M and N the problem will be converted into two machines problem.

Table 8.3.3
Article Hi=E+F; Ki=F;+ G; Li=G; + O;, Ji= 0+ W, Wi;
A 58 59 61 65 2
A, 56 57 61 67 4
Az 54 57 60 65 3
Ay 56 60 62 65 5
As 52 58 63 65 2

As mentioned earlier step now this four machine problem is reduced to three machine machines D, D,, D3 where
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Table 8.3.4
Article D, = Hi + K; D, = Ki+ L; D;= Li+J, Wi;
Ay 117 120 126 2
A, 113 118 128 4
Az 111 117 125 3
A, 116 122 127 5
As 110 121 128 2
Let M and N are two fictitious machines.
Table 8.3.5
Article M=D;+ D, N=D,+D; Wit;
Aq 237 246 2
A, 231 246 4
Az 228 242 3
A, 238 249 5
As 231 249 2
Alsol) If min (M, N) = M;then M’; = M; - wt; —and N’=N;
2) If min (M, N) = Njthen M'; = M;and N’,= N;+ wt;
Table 8.3.6
Atrticle Mli N’ Wit
Aq 235 246 2
A, 227 246 4
A; 225 242 3
A, 233 249 5
As 229 249 2
Step I11; Now the ratio of weights with Mi and Ni is taken so that we can decide the sequence of jobs according to Johnson’s
rule.
Table 8.3.7
Acrticle M,i / Wi N,i/ Wi Wt;
A 117.5 123 2
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A, 56.75 61.5 4
Ag 75 80.66 3
Ay 46.6 49.8 5
As 1145 1245 2

By Johnson’s rule the optimal sequence obtained for above reduced problem is 4, 2, 3, 5, 1. Then the time
required for total processing of articles by using above scheduling sequence
calculated by considering the time required by the transporting agent when it returns back to machine M;to load the next article
and also the time when it reaches to machine M, for unloading of an article.

i.e minimum time for entire production can be

Table 8.3.8

g ol el o |8z g | 2 s _| 2 s| | 8 !
= a- [l I (] i _| o ||| =S| = o3 s

I | o e 1| o | o 1| o |0
A05432411183 2%34223‘1‘4913457 65 |2|2|6| 75|83 |5
4
A510363§242 224113626032570 77 1326|890 | 96 |4
2
Altol14a|3]sl2]2|30]2 al % s1{2/34| 87023580 |8 (3|26 [10]3
\ 6 5 4 2 | 9
Alaalol2]3l1]3 |32 112 60f1f2lal? 821|250 00 |1]2|6|t]| 2],
: 1 2 4 5 | 4
A 3 6 8 10 | 11 12 | 13
NEAEIREE AR a| S of2|2s| 8 oaf1|s]e| P |V 2]3]5| ¥ |2

Effect of breakdown interval: [35, 41]

The effect of breakdown interval is on jobs Q;1 and Ri2; hence the original problem is converted into new problem. If the job is

affected by the breakdown interval then

Pi=Pi+(uru), Qi=Qi+(uxrup),

R’ = R; +( Up- Uy) and S’ = S; +( Uy~ Uy)

Therefore repeating the same procedure of step 1,2,3 for finding the sequence and getting the optimal solution.

Table 8.3.9
S o 5| _| 2 3 5 3 s s1o_] 8 g -
Sla|lpeL| | TS| K J|l ||| T ||| 2| S| K|a| T|N|E
< - D - D - D - D - >
Al | 6| 2| 4 3 |11 2 4 6 2 2 5 6 1 3 6 6 2 3 5 8 2
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A, 3 6 3 2 2 5 1111 3 6 5 2 5 3 2 6 7
Ag 3 5 2 4 2 2 6 2 3 4 6 3 5 3 2 6 7
As 4 3 2 4 3 4 7 2 2 3 8 3 4 2 2 6 8
As 2 3 1 3 2 6 8 1 2 4 8 2 5 1 2 6 9

As in step | six machine problems is initially converted into five machines by considering five fictitious machines as follows:

Table 8.3.10
Atrticle E; Fi Gi O; W; WE;
Ay 35 35 30 31 34 2
A, 28 34 35 32 35 4
As 26 28 29 31 34 3
Ay 27 29 31 31 34 5
As 26 26 32 31 34 2
Following step 11 we have
Table 8.3.11
Article H K L J Wt;
Ay 70 65 61 65 2
A, 62 69 67 67 4
As 54 57 60 65 3
Ay 56 60 62 65 5
As 52 58 63 65 2

Now this four machine problem is reduced to three machine by considering three fictitious machines D, D,, D; where

Table 8.3.12
Article D, D, D, Wt
A 135 126 126 2
A 131 136 134 4
Az 111 117 125 3
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A, 116 122 127 5
As 110 121 128 2
Let M and N are two fictitious machines given by
Table 8.3.13
Avrticle Mi Ni Wi;
Ay 261 252 2
A, 267 270 4
As 228 242 3
A, 238 249 5
As 231 249 2
Also,
1) If min (M, N) = M; then M’; = M;-wt; and N’ =N;
2) If min (M, N) = N; thenM’; = M;and N, = N; + W;
Table 8.3.14
Acrticle M’ N’; Wt;
Ay 259 252 2
A, 263 270 4
Az 225 242 3
A, 233 249 5
As 229 249 2

Step I11;Now the ratio of weights with Mi and Ni is taken so that we can decide the sequence of jobs according to Johnson’s rule.

Table 8.3.15
Avrticle M’i [ w; N’i ;Wi Wt;
Ay 129.5 126 2
A, 65.75 67.5 4
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A; 75 80.66 3
Ay 46.6 49.8 5
As 1145 1245 2

By Johnson’s rule the optimal sequence obtained for above reduced problem is 4, 2, 3, 5, 1. Then the time
required for total processing of articles by using above scheduling sequence i.e minimum time for entire production can be
calculated by considering the time required by the transporting agent when it returns back to machine M;to load the next article
and also the time when it reaches to machine M, for unloading of an article.

Table 8.3.16
< 5 & _ z g 3 3 s s N g _
S a- iy I~ (] ) _| o —| o 2 2} =S| d g Tl N H
< il 3 4 ) i - - 5 il 3
| (0] | (0] | (6] | O | (0] | o
A, | O 5143|214 |18 |3 2127134 (223|141 |49 |13|4 | 57 65 (2|2 |6| 75 83 | 5
A, | 5110363 |22|24]|2 2136 |47 |1|3|{6|57|6232|5]| 72 79 | 312 |6] 90 97 | 4
A; |10 |14 |3|5]| 2 (26|30 |2 4 |51 57 2134 |66 | 722 3|5 ]| 84 90 | 3|2 |6|103|110]| 3
As |14 1221213 |1 (31|34 ]2 115866 |1/2/4 /76|84 |1|2|5| 95 [103|1|2 |6|116|125| 2
A | 2228|2143 |37 |48 |2 4 |70|17612|2{5|18 |9 |1/3[6|109|115|2| 3 |5|130 138 | 2
Result:

Minimum weighted flow time (MWFT)

= (83*5) + (97- 5) *4 + (110-4)*3 +(125-8)*2 + (138- 6)*2

=415 + 368+ 318 + 234 + 264 / 5+4+3+2+2

=1599/16
=100 hours

Conclusion:

From above table it is shown that the time gets reduced for total production by using the sequence obtained with the help
of Johnson’s rule. The total elapsed time for the complete process is 138 hrs and minimum weighted flow time is 100 hrs. Use of
Johnson’s algorithm gives the proper sequence of jobs which is helpful in decreasing the total time of the process. If we increase
the number of machines the makespan may get increased. The same problem can be solved by using the parallel arrangement of
machines.
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