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Abstract: In this paper, graph spectral techniques are used to analyzing the water distribution network. The strength of the 

network connectivity, most influential node and optimal number of clusters for the network partitioning are computed by 

eigenvalues and eigenvectors through its adjacency and laplacian matrix. This approach is based only on the topological 

and geometric information of the network. 
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1. Introduction  

 In 1998, Watts D.J, Strogatz are discussed about the complexity of the water distribution network on different aspects, 

complexity of the network are network connectivity and asset location [1]. In 1996, the graph spectral techniques used to analyze 

the system topologies by exploring the properties of the graph matrices are discussed by Chung [2].  In 1859, the spectra of graphs 

are used to compute the optimal number of clusters introduced by Herrera [3].  

 In 1973, the algebraic connectivity of the network are discussed by Fiedler[4]. In 1950 the eigenvalue spectrum concept is 

used to analyse the ranking the network nodes and centrality are computed by through its eigenvalue of the network [5]. In 2000, 

Malik is introduced the spectral clustering concept[6] 

  In this paper the network connectivity strength,optimal number of clusteres  and centrality  are computed. 

2. Spectral Graph theory 

 Spectral graph theory is the study of the properties of a graph in relationship to the characteristic polynomial, eigenvalues, 

and eigenvectors of matrices associated with the graph, such as its adjacency matrix or Laplacian matrix. The adjacency matrix of 

a simple graph is a real symmetric matrix and is therefore orthogonally diagonalizable. Its eigenvalues are real algebraic integers. 

2.1 Graph Matrices 

  Every network is modeled as a mathematical graph G = (V,E) with vertex set V of n nodes and edge set E of m edges. The 

adjacency matrix , normalised and unnormalised graph laplacian matrices are  used to represented the graph structures.Some of 

these properties are discussed.  

2.1.1 Adjacency Matrix A  

 Consider G=(V,E) with vertex set V of n nodes and edge set E of m edges. The connectivity of the graph is expressed by 

n×n adjacency matrix A whose elements aij =  aji = 1 if the vertices i and j are directly connected and aij =  aji = 0 otherwise. The 

degree of the vertex is denoted by deg(vi). That is number of vertices is adjacent to vertex vi. 

2.1.2 Laplacian Matrix L 

 Normalized and Un-Normalized Laplacian matrices are one of the main utilities in spectral graph. The difference between 

the adjacency matrix A and degree matrix DK  is called Laplacian matrix. The laplacian matrix s defined by L = DK – A (L = DK – 

W). 

2.1.3 Random walk Normalized Matrix 𝐋𝐫𝐰  

 This matrix is closely related to the random walk representation. This definition derived from the Laplacian matrix L is 

mulityplied by the inverse of a diagonal matrix. Then Lrw = Dk
−1 

3 Network Eigenvalues 

 In this section provides a survey of some graph eigenvalue properties.  
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3.1 The Largest Eigenvalue (Spectral radius or index) 𝛌𝟏  

 largest eigenvalue refers to the adjacency matrix A. The largest eigenvalue plays an important role. The concept of spectral 

radius is introduced by the example of spreading virus in a network. The spectral radius is small the larger robustness of a network 

against the spread of virus. From this the epidemic threshold is proportional to the inverse spectral radius (1/λ1).  

3.2 Spectral gap  λ 

  Spectral gap is the difference between the first and the second eigenvalue of the adjacency matrix A. This is useful to 

compute the connectivity strength of the network.  

3.3 Multiplicity of zero Eigenvalue 𝐦𝟎 

 The multiplicity of zero of the laplacian matrix equal to the the number of connected component A1, A2, … . Ak  

3.4 Eigengap 𝛌𝐤+𝟏 −  𝛌𝐤 

 It is useful to compute the optimal number of clustering. A suitable number of clusters k may be chosen such that all the 

eigenvalues λ1, λ2, … λk of the laplacian matrix L are very small but λk+1 is relatively large. 

3.5 The second smallest eigenvalue (Algebraic connectivity) 𝛌𝟐  

 This is refers to the laplacian matrix L. It compute the strength of the network connectivity. The larger algebraic 

connectivity is more difficult to cut a graph into independent components.  

 Consider a network with n = 9 vertex and changing the number of links m( from 13 to 15) is described in the figure 1 by 

its possible layouts. The networks are useful to compute spectral metrices. This will show the possible applications to water 

distribution system management. 

 

First network 

 

Second network 
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Third network   Figure 1 

The spectral radius, spectral gap, algebraic connectivity and the eigen gap, mulitiplicity of zero eigen value are denoted in Table 2. 

The number of links increases between the subregion also the spectral gap and the algebraic connectivity increases. The number of 

links increases between the subregion also the eigen gap and spectral radius are decreases. The mulitiplicity of zero eigenvalue is 

one for the 3 networks is shown in the table 2. 

 The spectral radius values starts from 0.3049 for first layout. Then these values are decreases as the links of the networks 

increases. The spectral radius can be used as a parameter to measure the connectivity strength of the network. It is also noticed how 

spectral radius differs for the three example networks. This result is explained as the measure ranges from the average vertex degree 

and the maximum vertex degree. The average vertex and maximum vertex degree is denoted by kmean and kmax.  

Degree of vertex First layout Second layout Third layout 

Average degree 4 4 4 

Maximum degree 3.111 3.222 3.333 

Table 1 

Metrices First layout Second layout Third layout 

Inverse of Spectral radius 0.3049 0.2980 0.2772 

Spectral gap 1.1505 1.2425 1.5848 

Mulitiplicity of zero eigenvalue 1 1 1 

Eigen gap 1.4091 1.3502 1.1918 

Algebraic connectivity 0.2881 0.6498 0.8578 

Table 2 

 The top 5 eigenvalue of the laplacian matrix  for the three network layout is illustered in figure 2. The eigenvalues for the 

first network is 0, 0.2881, 1.6972, 2.0814, 3.6390, 4.5335, 5.3028, 5.4581, 3. The eigenvalues for the second network is 0, 0.6498, 

4.6410, 5.3827, 3.3265, 2, 5.5321, 2.1206, 4.3473. The eigenvalues for the third network is 0, 0.8578, 2.0446, 2.2194, 6.4168, 

3.6422, 5.5195, 4.5793, 4.7205.  

 Figure 2 shows algrbraic connectivity, inverse spectral radius and spectral gap. The first eigenvalue of the laplacian matrix 

is always equal to zero because the graph laplacian is positive semi definite. The mulitiplicity of zero eigenvalue is 1 for all the 

three network layout. The eigen gap occurs between the third eigenvalue λ3 and second eigenvalue λ2. From a topological point of 

view this shows that the optimal number of cluster to spilt the network is two.  This suggests that the eigengap concepts works 

better when the clusters in the network can be well definied (not overlapping). 
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Figure 2 

 Figure 3 shows the first five eigenvalue of the laplacian matrix three network layout. 

 

Figure 3 

4.Network eigenvectors 

 A lot of information about the graph structure contained by a graph eigenvectors. The principal eigenvector, fiedler 

eigenvector and the other eigenvector are described in the following sections. 

4.1 Principal Eigenvector 

 Principal eigenvector associated with the largest eigenvalue λ1 of the adjacency matrix A of a connected graph. It provides 

a possibility to ranking of a graph vertices with its coordinates and respect to the number of paths passing through them to connect 

two vertices in the network. The number of paths of the network can seen as the centrality ( also called as importance) of the vertex 

i. The eigenvector centrality assign a score to every vertex equals to the corresponding coordinate of the principal eigenvector. Sets 

of highly interconnected vertices do not form sets that is whose neighbours are less connected than them.  

4.2 Fiedler Eigenvector 

 Fiedler eigenvector associated with the smallest eigenvalue λ2 of the laplacian matrix L of a connected graph. It gives an 

approximate solution to the bi-partitioning problem of the graph. This approached is based on the signs of the component of the 

fiedler eigenvector v2. The vertices with the positive component in the fiedler eigenvector induced a subgraph. The another subgraph 

induced by the negative sign of the component in the fiedler eigenvector  v2.  In this way, if the number of clusters is more than 
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two this is very useful to resort to the Recursive spectral bisection process. From this the fiedler eigenvector is useful to bidivide 

the graph vertices by its signs. This process is continued until reach the targeted number of clusters k. 

4.3 Other Eigenvector  

 The another method to obtain a good partitioning when the number of clusters is greater than 2 (k   2) the clusters is 

related to the first k smallest eigenvector of the normalized laplacian matrix. This approach is based on the RCut problem (NCut 

problem). The normalized spectral clustering is based on the random walk normalized laplacian matrix show that the high 

performance compare to the other spectra alternatives. The solution is characterized by the both clusters size and minimum number 

of cuts. The minimization of the NCut problem is equal to the  

min(NCut(x)) = 

y

T

k

T

D  y

)yA  -(D  ymin 
                                 (1) 

 The equation (1) is minimized by the smallest eigenvalue of the matrix that is correspondence to its smallest eigenvector. 

)yA  -(D k  = yD  k                                                                      (2) 

 The expression of the laplacian matrix  L = DK – A and premultiplied by  Dk
−1  

Lrw y = λy                                                                          (3) 

The spectral clustering have the following steps 

1) Extract the graph G = (V,E) from the network 

2) Define the adjacency matrix A 

3) Compute the laplacian matrix L 

4) Define the matrix Unxk containing the first k-eigenvectors as columns 

5) Clustering the vertex of the networks into clusters c1, c2, … . . ck using k-means algorithm 

 This is most important to verify that the boundary links Nec for which each of the vertex belong to the different clusters in 

the connected graph. The main object of the spectral clustering is to change the layout of the vertex. 

 According to the principal eigenvector, the eigenvector centrality is computed to the first, second and third network layout. 

The network centrality is 0.4829, 0.4663 and 0.4408. The eigenvector centrality for the second network layout is described in table 

2. The maximum node degree for second network is 4. So that most important node is 5. 

 According to the fiedler eigenvector, the coordinates of v2 for the three example networks are shown in the table 3. The 

number of components in the fiedler eigenvector is equal to the number of vertices in the network. This is clear that the coordinates 

have negative and positive components for the four network layout. In the third network the vertices range from vertex 1 to vertex 

5 (negative values) and verte 6 to vertex 9 (positive value ). By splitting the vertex of the network according to their components of 

the fiedler eigenvector. This is possible to bisection of the network. 

Fiedler eigenvector for three networks 

1 2 3 4 5 6 7 8 9 

-0.2979 -0.2829 -0.2271 -0.2979 -0.2271 -0.0351 0.5045 0.3591 0.5045 

0.4310 0.2910 0.2910 0.0495 0.2033 0.0495 -0.3778 -0.3778 -0.559 

0.5110 0.3003 0.2833 0.0599 0.0896 -0.0108 -0.2617 -0.3959 -0.575 

Table 3 

 From this the clustering problem through the NCut minimaization problem, the optimal number of clustering for the three 

network is 2. The fiedler bipartition to the second smallest eigen vector of the laplacian matrix provides the same clustering than 

NCut algorithm. It is an expected result only the second eigenvector is considered in the definition of the matrix Unxk for k = 2. 

Conclusion  

 The strength of the network connectivity and the most influential nodes are computed by through the  eigenvectors and 

eigenvalues of the laplacian and adjacency matrix. The optimal number of clusters also computed. The graph spectral technique is 

based only on the geometric and topological information of the network .The future work  will be based on hydraulic knowledge of 

the network.  
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