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Abstract: Brower-Zadeh MV — algebra is the result of a natural pasting between Brower — Zadeh algebras and MV — algebras. In
this study the Bipolar — valued fuzzy values are introduced to Brower-Zadeh MV — algebras and the Strong s, t cuts are also defined.

Index Terms - BZMV- algebra, BZMV ™- algebra, Bipolar — valued fuzzy, strong cut

Introduction:

MV algebra have been introduced by C. CHANG [2]in order to provide an adequate semantic characterisation for
Lukasiewicz many valued logics. (i.e)complete with respect to the evaluations of propositional variables in the real unit interval[0,1]
Recall in fact that the prototypical example of an MV-algebra is the standard one [0,1]MV =< [0, 1], @, -, 0 > where for all x,y €
[0.1],

X@y=min{l,x+y} and —x = 1—x.

In 1965, Zadeh introduced the notion of a fuzzy subset of a set. Since then it has become a vigorous area of research in different
domains. There have been a number of generalizations of this fundamental concepts such as intuitionistic fuzzy sets, interval- valued
fuzzy sets. Bipolar-valued fuzzy sets are an extension of fuzzy sets whose membership degree range is enlarged from the interval
[0,1] to [-1,1]. In a bipolar valued fuzzy set, the membership degree 0 means that elements are irrelevant to the corresponding
property, the membership degree (0,1] indicates that elements somewhat satisfy the property, and the membership degree [-1,0)
indicates that elements somewhat satisfy the implicit counter-property.

Bipolar-valued fuzzy sets and intuitionistic fuzzy sets look similar to each other. However, they are different from each other. Thus
the bipolar-valued fuzzy set concepts are applied to the BZMV ALGEBRAS and some of the properties are verified.

Preliminaries:

[2] Definitionl.1 :

A Brower Zadeh MV algebra (shortly BZMV algebra) is a structure A=< A, @, -, ~, 0 >, where Aiis a non empty set of elements,0
is a constant element of A,—and ~ are unary operations on A, @ .is a binary operation on A. The following axioms hold:

* (x®y) © 2= (yD2)®D x * xP0 = x

e (X)) =x

c(xDY)DYy=-(xD y)Dx

e XP ~~x=-0

X P ~~ X=~~X

s~ [(=xDYy) B yl==(~xD ~~ y)D ~~y

[17]Definition 1.2:

A de - Morgan Brower Zadeh MV algebra (shortly BZMV dM algebra) is a structure A =< A,@, -, ~, 0 > that satisfies the axioms
* x®y) ®z=(yd2)® x

*x@P0=x

e (Tx)=Xx

(XY PYy=-(xD )P x

e XP ~~x=-0

*XP ~~X=~~X

o~ [A(x DY) D Y] = (> XD ~~y)D ~~y

and also the following condition:

~[X@ W) B Y= A~ XD v~ y) B~y
Bipolar — valued fuzzy BZMYV algebra:

Definition 2.1:[29]

Let G be a non empty set. A Bipolar-valued fuzzy set in G is an object having the form

B ={(x, u*(x), u”(x); x € G} where, u* : G— [0, 1] and u~: G — [~1; 0] are mapping.
Note:

In this paper we use the symbol B = (u*; u~) for the Bipolar-valued fuzzy set

B={(x u*(x), u"(x)); x € G}
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Definition 2.2:

A Bipolar-valued fuzzy set B = (u*; u™) is called a ”Bipolar-valued fuzzy BZMV -algebra” (BFBZMYV) of M, if for every x, y
in M it satisfies:

D) pt(x) <pt (=x)

i) u™ (x)=p~ (=x)

iii) inf u* (x) = min{u™ (x), u* ()}

iv) sup p~ (x) <max{u~ (X), = (V)}

Definition 2.3:
Let M be a nonempty set endowed with a operation @, an unary operation ~ and - and a constant 0 satisfying the following
axioms,
forall x,y, z € M:
* (x®y) © 2= (yD2)D X
*xP0 =x
e (—X) =X
*(xDY) D y=-(x D -y)Dx
e X@P ~~ Xx=-X
X P ~~X=~~X
2~ [(x DY) B Y] = A~ XD ~~ V) ~~y
For every subsets A and B of M we define the operators as follows:
a + b,ifa+b < landalsoifa,b € ut

_ 1 otherwise

adb= a + b,ifa+b > —1andalsoifa,b € u~
—1 otherwise
ﬂa:{ 1—a,ifae u*
—1—a,ifa € u~
1,if a=0andalsoa € u*
—l,ifa=0andalsoa € u~
0, otherwise
foreveryae Aand b € B.
EXAMPLE 2.1:
Let M =< {0,a,1},-,~,0 > and define @, -, ~ by the following tables:
a + b,ifa+b < landalsoifa,b € ut

_ 1 otherwise

adb= a + bjifa+b > —1andalsoifa,b € u~

—1 otherwise
foreveryae Aand b € B.

The operator — is defined as follows:

~a=

Ifaeu*
X 0 a 1
—X 1 1-a 0
Ifaeu”
X 0 a 1
—X 1 -1-a 0
The operator ~ is defined as follows:
Ifaeu*
X 0 a 1
~ X 1 0 0
Ifaeu”
X 0 A 1
~ X -1 0 0
Now define u* and u~ as follows:
Ifaeu®
X 0 a 1
ut(x) 0.7 0.2 0.7
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Ifaeu”

X 0 a 1
u=(x) -1 -0.3 -1

Then M =< {0,a,1},—, ~,0 > is a Bipolar — valued fuzzy BZMV algebra (BFBZMV) of M.

Proposition 2.1:

Let u*; u~ bea BZMV algebra of M.

Then B = (u*; - u7) is a Bipolar-valued fuzzy BZMV algebra of M. Conversely, if B = (u*; -u~) is a Bipolar-valued fuzzy BZMV
algebra of M, then (u*; u~) are BZMV algebra of M.

Proof:
Let x,ye M,
we know that ,
min{-p(x), -u(y)}= —max{ u(x), u(»)}
= min{ug, ng, (%), {Ug,n5, )}
and also,
SUDyexdy {ﬂglnBz (x)}:max{sup,,ex@yugl ), SUPyex@yMB, @}
< max {max{ug, (x), ug, ) }, max{ug, (x), uz, )}
=max {up, ng, (X), tp,ne, )}
Hence Proved.

Definition 2.4 :

Let A=< A, @, -, ~,0>Dbe BZMV algebra and SC A be a non empty set containing ”0”. If S is a sub-structure BZMV algebra
of A with respect to ”@” and ”—” then we say that S is a MV algebra of A.

Lemma 2.1:

Let A=< A, @, -, ~, 0> Dbe BZMV algebra and S A be a non empty set containing ”0”.Then S is a MV algebra of A iff for all
X, Yy €S:

*x@PyeS

*—XES
_Definition 2.5 :

Let A=< A, @, -, ~, 0> be BZMV algebra and SC A be a non empty set containing ”0”. If S is a sub-structure BZMV algebra
of A with respect to ”@” and ”~” then we say that S is a MV algebra of A .

Lemma 2.2:

Let A=< A @, -, ~,0>be BZMV algebra and SC A be a non empty set containing ”0”.Then S is a MV algebra of A iff for all
X, Yy €S:

*x@PyeS

*~XES

Definition 2.6:

A Bipolar-valued fuzzy set B = (u*; u™) is called a Bipolar-valued fuzzy MV - algebra” (BFMV) of A, if for every x, y € A it
satisfies:

i) pt(x) <pt (%)

i) u™ (x) = p” (=X)

iii) inf u* (x) = min{p* (x), 1™ ()}

iv) sup u~ (x) <max{u” (X), = (V)}

Remark 2.1 :

By the definition =(=x) = x we have:
pr(CEx)) =t (X)) = pt (02 pt (-X)

p ()< (X)) = T (0= p ()

Hence conditions (i),(ii) in definition can be written as:
(i) u* (¥)=u* (-x)

i) = ()=~ (=%)

Strong positive t-cut and Strong negative s - cut
Definition 3.1:

Let B=(u™; u~) be a Bipolar-valued fuzzy set of A and
(s,t) € [-1,0] x[0,1].

Then:
. The set Bf = { x € A; u* (x) >t} is called positive t-cut of B.
. The set By = {x € A; u~ (x) <s} is called negative s-cut of B.
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. The set °Bf = { x € A; u* (x) >t} is called strong positive s-cut of B

. The set*B; = {x € A; u~ (x) < s} is called strong negative s-cut of B.

. The set Ag‘s): {xeA; ut (x)>t,p” (x)<s} is called (t,) cut of B.

o The set SAE;'S) ={xeA;ut (x)>t, u~ (x) <s}is called strong (t,s) cut of B.

Note that A4S = B} n B

Proposition 3.1:

Let B =(u*; u~) be a (BFBZMV) of A. Then the set,
Ag={xeA;u* (xX)=u* (0), u= (x) =~ (0)} isafuzzy BZMV algebra of A.
Proof:

Letx,y € Ag

Then pt () =p* (0)=p" (y)and
p () =p" (0)=p ().

Thus,

) p* (=x)=p* (x) =u* (0)

(i)™ (~x)=p" (x)=pu" (0)

Hence - X € 4

Nowlet aex®@y,
Then (i)  infyexgyu™ (v) Zmin{u™ (x), u* ()}
= min{u™ (0), u* (0)}
=u* (0)
Hence u* (a)>u* (0) > (1)

(iv)  max {-u(x) ,-u(y)} = - min {u(x) .u(y)}
Inf (- u(v)) = - sup (K(v))
sup (- W(v)) = - inf (u(v))
Hence by definition of (BFBZMV) and fuzzy BZMV algebra the proof is clear.
Hence Proved

Lemma 3.1 :
Let B, and B, are (BFBZMV).of A . Then B; N B, is a (BFBZMV) of A.
Proof:
If x,y € B N B, thenXx, y € B; and x,y € B, .Since B; and B, are (BFBZMV), hence:
(i) min {ug, ns, ()} = mMin{ug, (x), g, ()}

= min{ug, (=x), ug, (-x)}

= min{ug, ng, (%)}
(ii) min{uz, ng, ()} = min {ug, (x), up, (X)}

=min {up, (=X), uz, (=)}

=min {up, ng, ("X)}
foreveryvex @y
(i) inf {uh,np, (W} = min{ inf b, (v), inf uf, (W}

> min{min{ug, (X), ug, )} minfug, (X), ug, ()3}
(iv)  sup{uz,np, (V) <max{u™ (x), u~ (¥)}
=max{u~ (0), u~ (0)}
=u (0)

Hence u~ (a) <™ (0) >(2)
Now by, (1) and (2) and using lemma we can conclude
pt (@) =p* (0)and pu~ () = u~ (0).
Hencea €S
and this follows that x @ y € A.
Hence Proved.

Proposition 3.2 :
Let S be a subset of A and B = (u*; u~ ) be a Bipolar -valued fuzzy set determined as:
+ _(kifx € S
w09 = {lif;( € s
_ mifx €
0= e s
Where k,I € [0,1] amd m,n € [-1,0] with k> 1, m< n. Then B is a BFBZMV of A iff S is fuzzy BZMV algebra of A.
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Proof:

Let S be a fuzzy BZMV algebra of A.

If X,y € A are arbitrary hence:

Ifx€e S, then-x €S.

Hence u*(x) = u* (= x), 4= (X) = 1~ (=X)
Ifx &S, then-x ¢&S.

Hence p*(x) = u* (=x), u~ (X) = 1~ (=x)
we consider the following cases:

Case 1:

Letx,y€S. Thenx @ ycS.

inf{u*(V)} =k

=min{k, k}
=min{u* (), 1™ (1)}
and sup{ut(v)} =m
= max{m, m}
=max{u” (x), 1~ ()}
Case 2:

Letx,y € S. Then,

pr ) =1=p"(y)

u-(x)=n=u"(y)

S0, min{u* (), u* (y)} = min{l, 1}
=1
<inf { " ()}

Case 3:

Let xe Sandy ¢ S.Then:

pt(x) =k pr =1
po(x)=m = (y)=n

B Imin{ 1), 1t ()3 = mindk, 1}
<inf { u* (V)}
max{ u~ (), u~ ()} = max{m, n}
=n
=sup{u” ()}
Hence B is a ( BFBZMV) of A.

Conversely,
Let x,y €S.
Since B is (BFBZMV): ut (X) =k= u* (-x)
Hence ( -x)€ S.
Nowletaex @y
By the hypothesis we have:
inf{ u*(v)} =2 min{ u* (x), u* ()}
=min {k, k}
=k
and sup{ 1™ (v)} < max{p —(x), p—(y)}
=max {m, m}
=m
Thus u* (a) =kand u~ (a)= m. This follows a € S, hence x @ y € S and this proves that S is a fuzzy BZMV of A.
Hence Proved.

Proposition 3.3 :

If Bipolar - valued fuzzy set B = (u*; u~) is a (BFBZMV)of A, then for all
(s,t) € [-1,0] x [0,1] the non empty strong positive t- cut of B and the non empty strong negative s-cut of B are fuzzy BZMV
algebras of A.

Proof:

LetB=(u*; u~) be a(BFBZMV) of A and assume that SB; and °B; are non empty for all (s,t) € [-1,0] x [0,1].
Letl, mesBf and p,q€B;. Then:

pt (), pt (m)>|

uo(p), w(@) <s
Now,
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Inf{ u* (v)} Zmin{ p* (1), p* (M)}
>t
Where v € x @y , Which implies that | @& m € SB;}.
Now, let x € °Bf .
Since B is a (BFBZMV) we have:
pr (2 x) = (x) >t
Hence -x and ~x € B . So *B;" is a BZMV algebra of A.
In other hand we have:
Sup {u~ (v)} <max{ u~ (p), u~ (a)}
<s
Hencep @© q € °B; .
If X € °B; . Since B is a (BFBZMV) , then
o (ax)=pm (x)<s
Hence -x € °B; and ~ x € *B; and this proved that *B; is a fuzzy BZMV algebra of A.
Hence Proved.

Corollary 3.1:

If Bipolar valued fuzzy set B = (ut; u™) is a (BFBZMV) of A then for all
(s,t) € [-1,0] x [0,1] the non empty strong positive (s,t) - cut of B is a fuzzy BZMV algebra of A.
Proof:

We have, A% =B} N°B;.
proof follows by proposition 3.3,
If Bipolar - valued fuzzy set B = (u*; u™) is a (BFBZMV)of A, then for all (s,t) € [-1,0] x [0,1] the non empty strong
positive t- cut of B and the non-empty strong negative s-cut of B are fuzzy BZMV algebras of A.
Hence Proved.
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