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Abstract: In this paper, the author considered a class of standard quadratic congruence of composite modulus- a product of 

an odd prime power integer and eight for formulation of its solutions. After a rigorous study, the solutions of the said 

congruence, the author succeed to establish the formula for its solutions. Formulation is the merit of the paper. 
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INTRODUCTION 

A standard quadratic congruence under consideration is of the type 𝑥2 ≡ 𝑎 (𝑚𝑜𝑑 8𝑝𝑛). It is said to be solvable, if 𝑎 is quadratic 

residue of 8𝑝𝑛 . The author already has reformulated and published the standard quadratic congruence: 𝑥2 ≡ 𝑎 (𝑚𝑜𝑑 8𝑝) [1], [2].It 
is found that the said congruence has exactly eight incongruent solutions if a is an odd positive integer & 𝑎 ≡
1 (𝑚𝑜𝑑 8); 𝑏𝑢𝑡 𝑖𝑓 𝑎 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑓𝑒𝑐𝑡 𝑠𝑞𝑢𝑎𝑟𝑒, 𝑖𝑡 ℎ𝑎𝑠 𝑒𝑥𝑎𝑐𝑡𝑙𝑦 𝑓𝑜𝑢𝑟 𝑖𝑛𝑐𝑜𝑛𝑔𝑟𝑢𝑒𝑛𝑡 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠. 

Now the author wishes to generalise the formulation for an odd prime power integer in the form: 𝑥2 ≡ 𝑎 (𝑚𝑜𝑑 8𝑝𝑛); 𝑎 ≠ 𝑝. The 

congruence is considered for two different cases. 

LITERATURE REVIEW 

The present problem is not found in the literature of mathematics. Zukerman [3] had discussed only for standard quadratic 

congruence of prime modulus and Koshy [4] had started the discussion of the standard quadratic congruence of composite modulus 

but mentioned no specific method or formula to find the solutions. The author take the responsibility to formulate the solutions of 

the congruence. There is a method popularly known as Chinese Remainder Theorem (CRT) method [5], can be used to find the 

solutions of this congruence but problem arises when the individual congruence such as 

  𝑥2 ≡ 𝑎 (𝑚𝑜𝑑 𝑝𝑛) is to solve. Sometimes it takes more than 10 hours to solve the congruence [6]. 

PROBLEM-STATEMENT 

    Here the problem is- 

 “Formulation of standard quadratic congruence of composite modulus: 

 𝑥2 ≡ 𝑎 (𝑚𝑜𝑑 8𝑝𝑛); 𝑎 ≠ 𝑝 , 𝑝 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑟𝑖𝑚𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟, 𝑛 𝑎𝑛𝑦 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑖𝑛 

 𝑡𝑤𝑜 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑐𝑎𝑠𝑒𝑠".  

ANALYSIS & RESULT 

Let us consider the two general cases as 

Case-I: 𝑎 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 & 𝑎 ≡ 1 (𝑚𝑜𝑑 8); 

Case-II: 𝑎 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑓𝑒𝑐𝑡 𝑠𝑞𝑢𝑎𝑟𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟. 

Consider the case-I 𝑖. 𝑒.  𝑎 𝑖𝑠 𝑜𝑑𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 & 𝑎 ≡ 1 (𝑚𝑜𝑑 8). 

Consider the congruence: 𝑥2 ≡ 𝑎 (𝑚𝑜𝑑 8𝑝𝑛). If 𝑎 is quadratic residue, then the congruence can be written as 𝑥2 ≡
𝑎2 (𝑚𝑜𝑑 8𝑝𝑛). 

Case-I: Let 𝑎 ≠ 𝑝 be an odd positive integer. 

             Let  𝑥 ≡ 2𝑝𝑛𝑘 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛). 

Then, 𝑥2 ≡ (2𝑝𝑛𝑘 ± 𝑎)2  (𝑚𝑜𝑑 8𝑝𝑛)  

                ≡ (2𝑝𝑛𝑘)2  ± 2.2𝑝𝑛𝑘. 𝑎 + 𝑎2(𝑚𝑜𝑑 8𝑝𝑛)      

http://www.ijsdr.org/


ISSN: 2455-2631                                         © August 2020 IJSDR | Volume 5, Issue 8 

IJSDR2008045 International Journal of Scientific Development and Research (IJSDR) www.ijsdr.org 341 
 

                ≡4𝑝2𝑛𝑘2 ± 4𝑝𝑛𝑘. 𝑎 + 𝑎2 (𝑚𝑜𝑑 8𝑝𝑛) 

              ≡ 4𝑝𝑛𝑘 (𝑝𝑛𝑘 ± 𝑎) + 𝑎2 (𝑚𝑜𝑑 8𝑝𝑛) 

               ≡ 4𝑝𝑛𝑘. {2𝑡 } + 𝑎2 (𝑚𝑜𝑑 8𝑝𝑛)   

               ≡ 8𝑝𝑛𝑘𝑡 + 𝑎2 (𝑚𝑜𝑑 8𝑝𝑛) 

               ≡ 𝑎2 (𝑚𝑜𝑑 8𝑝𝑛). 

 Thus, 𝑥 ≡ 2𝑝𝑛𝑘 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛) are the solutions of the congruence. But for 𝑘 = 4, the solutions reduce to: 𝑥 ≡ 2𝑝𝑛. 4 ±
𝑎 (𝑚𝑜𝑑 8𝑝𝑛) 

                                         ≡ 8𝑝𝑛 + 𝑎 (𝑚𝑜𝑑 8𝑝𝑛) 

                                          ≡ 0 + 𝑎 (𝑚𝑜𝑑 8𝑝𝑛). 

These are the same solutions as for 𝑘 = 0. 

Similarly, for 𝑘 = 5, 6, 7,  the solutions repeats as for 𝑘 = 1, 2, 3. 

Therefore, all the solutions are given by:  𝑥 ≡ 2𝑝𝑛𝑘 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛); 𝑘 = 0, 1, 2, 3. 

This gives the eight solutions of the said congruence, if 𝑎 is an odd positive integer & 

𝑎 ≡ 1 (𝑚𝑜𝑑 8). 

Case-II: Let 𝑎 be an even perfect square positive integer. 

For the solutions, consider 𝑥 ≡ 4𝑝𝑛. 𝑘 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛) 

Then, 𝑥2 ≡ (4𝑝𝑛 . 𝑘 ± 𝑎)2 (𝑚𝑜𝑑 8𝑝𝑛) 

                ≡ (4𝑝𝑛 . 𝑘 )2 ± 2.4𝑝𝑛𝑘. 𝑎 + 𝑎2 (𝑚𝑜𝑑 8𝑝𝑛) 

                ≡ 16. 𝑝2𝑛𝑘2 ± 8𝑝𝑛𝑘. 𝑎 + 𝑎2 (𝑚𝑜𝑑 8𝑝𝑛) 

                 ≡ 8𝑝𝑛𝑘( 2𝑝𝑛𝑘 ± 𝑎) + 𝑎2 (𝑚𝑜𝑑 8𝑝𝑛) 

                 ≡ 𝑎2 (𝑚𝑜𝑑 8𝑝𝑛). 

Therefore, 𝑥 ≡ 4𝑝𝑛. 𝑘 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛) are the solutions for different values of k. 

But if 𝑘 = 2, the solutions reduces to 𝑥 ≡ 4𝑝𝑛 . 2 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛) 

                                                                        ≡ 8𝑝𝑛 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛) 

                                                                        ≡ 0 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛). 

These are the same solutions as for 𝑘 = 0. 

Similarly, for 𝑘 = 3, the solutions are the same as for 𝑘 = 1. 

Hence, the said congruence has exactly four solutions given by 𝑥 ≡ 4𝑝𝑛. 𝑘 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛); 

 𝑘 = 0, 1. 

ILLUSTRATIONS 

Example-1: Consider the congruence 𝑥2 ≡ 9 (𝑚𝑜𝑑 1000) 

     It can be written as: 𝑥2 ≡ 32 (𝑚𝑜𝑑 8. 53) 

     It is of the type: 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 8. 𝑝𝑛) with 𝑎 = 3, 𝑝 = 5, 𝑛 = 3. 

The congruence has exactly eight solutions, given by  

   𝑥 ≡ 2𝑝𝑛𝑘 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛); 𝑘 = 0, 1, 2, 3. 

       ≡ 2. 53𝑘 ± 3 (𝑚𝑜𝑑 8. 53)    

       ≡ 250𝑘 ± 3 (𝑚𝑜𝑑 1000); 𝑘 = 0, 1, 2, 3. 

      ≡0±3; 250 ± 3; 500 ± 3; 750 ± 3  (𝑚𝑜𝑑 1000) 
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    ≡ 3, 997; 247, 253; 497, 503; 747, 753  (𝑚𝑜𝑑 1000). 

Example-2:  Consider the congruence 𝑥2 ≡  65 (𝑚𝑜𝑑 2744) 

    It can be written as: 𝑥2 ≡ 65 + 2744 = 2809 = 532 (𝑚𝑜𝑑 8. 73) 

     It is of the type: 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 8. 𝑝𝑛) with 𝑎 = 53, 𝑝 = 7, 𝑛 = 3. 

The congruence has exactly eight solutions, given by  

   𝑥 ≡ 2𝑝𝑛𝑘 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛); 𝑘 = 0, 1, 2, 3. 

       ≡ 2. 73𝑘 ± 53 (𝑚𝑜𝑑 8. 73)    

       ≡ 686𝑘 ± 53 (𝑚𝑜𝑑 2744); 𝑘 = 0, 1, 2, 3. 

      ≡0±53; 686 ± 53; 1372 ± 53; 2058 ± 53  (𝑚𝑜𝑑 2744) 

    ≡ 53, 2691; 633, 739; 1319, 1425; 2005, 2111  (𝑚𝑜𝑑 2744)). 

Example-3: Consider the congruence 𝑥2 ≡ 4 (𝑚𝑜𝑑 200) 

     It can be written as: 𝑥2 ≡ 22 (𝑚𝑜𝑑 8. 52) 

     It is of the type: 𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 8. 𝑝𝑛) with 𝑎 = 2, 𝑝 = 5, 𝑛 = 2. 

The congruence has exactly four solutions, given by  

   𝑥 ≡ 4𝑝𝑛𝑘 ± 𝑎 (𝑚𝑜𝑑 8𝑝𝑛); 𝑘 = 0, 1. 

       ≡ 4. 52𝑘 ± 2 (𝑚𝑜𝑑 8. 52)    

       ≡ 100𝑘 ± 2 (𝑚𝑜𝑑 200); 𝑘 = 0, 1. 

      ≡0±2; 100 ± 2  (𝑚𝑜𝑑 200) 

    ≡ 2, 198; 98, 102 (𝑚𝑜𝑑 200). 

Example-4: Consider the congruence 𝑥2 ≡ 6 (𝑚𝑜𝑑 200). Though 𝑎 = 6, an even positive integer, but it is not a perfect square; 

hence it has no solutions. 

Example-5: Consider the congruence 𝑥2 ≡ 3 (𝑚𝑜𝑑 200). Though 𝑎 = 3, an odd positive integer, but ; 𝑎 ≢ 1 (𝑚𝑜𝑑 8); hence it 

has no solutions. 

CONCLUSION 

Therefore, it can be concluded that the congruence under consideration 

  𝑥2 ≡ 𝑎2 (𝑚𝑜𝑑 8. 𝑝𝑛); 𝑎 ≠ 𝑝  has exactly eight incongruent solutions if 𝑎 is an odd positive integer & 𝑎 ≡ 1 (𝑚𝑜𝑑 8). 

Also the same congruence has exactly four incongruent solutions if 𝑎 is an even perfect square positive integer.  

MERIT OF THE PAPER 

Here, the congruence 𝑥2 ≡ 𝑎 (𝑚𝑜𝑑 8. 𝑝𝑛); 𝑎 ≠ 𝑝  is formulated successfully and it also becomes possible to find the solutions 

orally. No need to use papers and pens. This is the merit of the paper. 
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