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Abstract: Let G = (V, E) be a simple graph with p vertices and q edges. Let S < V(G). S is called a strong restrained
dominating set of G if for every u € V - S, there exists v e S and w € V - S such that v and w strongly dominate u. The
minimum cardinality of a strong restrained dominating set of G is called the strong restrained domination number of G and
is denoted by y4.4(G). The existence of a strong restrained dominating set of G is guaranteed, since V(G) is a strong
restrained dominating set of G. In this paper, the sum and product of strong restrained domination number of path and its
derived graph are studied.
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1. INTRODUCTION

Throughout this paper only path is considered. Let G = (V, E) be a simple graph with p vertices and g edges. The degree of any
vertex u in G is the number of edges incident with u and is denoted by deg u. The minimum and maximum degree of a vertex is
denoted by 8(G) and A(G) respectively. A vertex of degree zero in G is called an isolated vertex and a vertex of degree one in G is
called a pendant vertex. A subset S of V(G) of a graph G is called a dominating set of G if every vertex in V(G) \ S is adjacent to a
vertex in S [8]. The domination number y(G) is the minimum cardinality of a dominating set of G. The concept of strong domination
in graphs was introduced by Sampathkumar and Pushpalatha [5] and the restrained domination was introduced by Domke [3] et al.
Aset S < V(G) is said to be a strong dominating set of G if every vertex v e V — S is strongly dominated by some vertex u in S. A
set S < V(G) is a restrained dominating set of G, if every vertex not in S is adjacent to a vertex in.S and to a vertex in V — S. The
restrained domination number of a graph G, denoted by v,(G), is the minimum cardinality of a restrained dominating set in G. The
strong restrained domination was introduced by Selvaloganayaki and Namasivayam [6]. For all graph theoretic terminologies and
notations, Harary [4] is referred to. In this paper, the sum and product of strong restrained domination number of path and its derived
graph are studied.

Definition 1.1: Let G = (V, E) be a simple graph with p vertices and q edges. Let S < V(G). S is called a strong restrained dominating
set of G if for every u € V =S, there exists v e S and w e V — S such that v and w strongly dominate u. The minimum cardinality
of a strong restrained dominating set of G is called the strong restrained domination number of G and is denoted by y4.4(G). The
existence of a strong restrained dominating set of G is guaranteed, since V(G) is a strong restrained dominating set of G.

Result 1.2 [6]: Let G = (V, E) be a simple connected graph. If the degree of any support vertex is exactly two, then it belongs to
any strong restrained dominating set of G.
n+2ifm=3n
Result 1.3 [6]: For the path Pm, Ysrq(Pn) =4n+ 3ifm = 3n+ 1 wheren> 1.
n+4ifm=3n+2

2. MAIN RESULTS
In this section, the authors studied the sum and product of strong restrained domination number of path and its derived graphs.

Definition 2.1: The complement of a graph G is a graph H on the same vertices such that two distinct vertices of H are adjacent if
and only if they are not adjacent in G.

Theorem 2.2: Whenn > 2,

IJSDR1810007 | International Journal of Scientific Development and Research (IJSDR) www.ijsdr.org | 37


http://www.ijsdr.org/

ISSN: 2455-2631 © October 2018 IJSDR | Volume 3, Issue 10

4ifm=2

6ifm =3
8ifm=4orm=>5
n+4ifm=3n
n+5ifm=3n+1
n+6ifm=3n+2

Ysrd(Pm) + Ysra (Fm):< and

4ifm=2

9ifm =3

16ifm =4

Ysrd (Pm) X Ysra (Pm) =4 15ifm =5

2(n+ 2)ifm = 3n
2n+3)ifm=3n+1
2n+4)ifm=3n+2

Proof: Case(i): Suppose m = 2. Let V(P,) = {v1, V2}. {Vv1, Vo} is the unique strong restrained dominating set of P, as well as P,.
Therefore Ysrd(PZ) * Ysrd (le =4 and Ysrd (PZ)_X Ysrd (PZ) =4. _
Case(ii): Suppose m = 3. V(P;) = {v1, V2, v3}. P; = Ko U Ki. {v1, V2, v3} is the strong restrained dominating set of Pz as well as P;.
Hence YSTd(P?») * Ysrd (PS) :_6 and Ysrd(PB) x Ysrd(PS) =9. _ _

Case(iii): Suppose m = 4. P, is again P4. By result 1.3, ysia(P4) = 4. Hence ysa(Pa) + Ysrqa (Py) =8 and ygrq (Ps) X Yra (Py) = 16.
Case(iv): Suppose m = 5. V(Ps) = {v1, V2, V3, V4, Vs}. {V1, V3, Vs } is the unique strong restrained dominating set of Ps. Hence yq.q(Ps)
= 3. By result 1.3, y«ra(Ps) = 5. Therefore ysa(Ps) + Ysra (Ps) = 8 and ygrq(Ps) X Ysra (Ps) = 15.

Case (v): Let G =P;,,. Let n> 2. V(G) = {V1, V2, ..:; Van-1, Van}. deg vi = deg Van = 3n-2 = A(G) and deg vi = 3n-3,2 <i<3n-1. Let
S = {1, Van}. Therefore V=S = {vy, V3, ..., Van2, Van1}. The vertices vi, 3 <i<3n-2, are strongly dominated by both v, and vz, in S
and strongly dominated by all the vertices except Vvi+1, Vi1 in V=S. The vertex v, is also strongly dominated by vz, in S and strongly
dominated by all the vertices except vz in V=S. Similarly the vertex van.1 is also strongly dominated by v, in S and strongly dominated
by all the vertices except vsn2 in V-S. Therefore S is a strong restrained dominating set of G. Hence y.q(G) <2 ---(1).

Suppose let T be any strong restrained dominating set of G such that | T | = 1. Since v1 and v, are the only maximum
degree vertices, vi and v, are adjacent, either vi or va, belongs to T. Suppose vi belongs to T. The vertex vs, is strongly dominated
by v1in T but no vertex in V=T, The case is similar if vs, belongs to T, a contradiction. Hence there is no strong restrained dominating
set with only one element. Therefore y¢.q(G) =2 ---(2). From (1) and (2) we get ys:q(G) = 2. By result 1.3, ysda(P3n) = n + 2. Hence
Ysrd(Pan) + Ysrd(P3n)_: n+4and Ysrd(P.?il) X Ysra(Pan) = 2(n'+ 2).

Case (vi): Let G = P31, N> 2 0r G= P3,,5, N> 2. Proof is similar to the case (v). Hence y¢.q(G) = 2. Using result 1.3, ysrd(P3n+1)

+ Ysrd (F3n+1) =n+ 51 Ysrd (P3n+1) X Ysrd (F3n+1) = 2(” * 3) and Ysrd(P3n+2) + YSrd(F3n+2) =n+ 61 YSI‘d(P3I’1+2) X Ysrd (F3n+2) = 2(“
+ 4). Hence the theorem:.

Definition 2.3 [7]: The line graph L(G) of G is the graph whose vertex set is E(G) in which two vertices are adjacent if and only if
they are adjacent in G. If e = uv is an edge of G then d)(e) = dg(u) + de(v) — 2.

Theorem 2.4:
( 3 ifm=2
5 ifm=3
Ysrd (Pm) + Ysra (L(Pw))= 2n+5 ifm=3nn>1 and
2n+5 ifm=3n+1,n=>1
2n+7 ifm=3n+2,n>1

2 ifm=2

6 ifm=3
Yord(Pm) X Yora(L(Py))={ 1n*+5n+6 ifm=3nn>1
n’+ 5n+6 ifm=3n+1n2>1
n>+ 7n+12 ifm=3n+2n >1

Proof: Since L(PZ) = Pl- USing result 1-31 Ysrd(PZ) + Ysrd(L(PZ)) = 31 Ysrd(PZ) X YSI‘d(L(PZ)) = 2! YSI‘d(P3)+YSI‘d(L(P3)) = 51
Ysrd (P3) X Ysrd(L(PS)) = 6. Sup-po-se m= 31’1, n= 2a YSrd(p3n) + YSrd(L(p3n)) = YSrd(p3n) + YSrd(p3(n—1)+2) =2n+ 5: Ysrd(PSn) x
Ysrd(L(pSn)) = n2 +5n + 6. S'm”a”y m = 3n + 1: n = 1, Ysrd(p3n+1) + YSrd(L(p3n+1)) = YSrd(p3n+1) + YSrd(P3n) =2n+ 5:

Ysrd(Psnt1) X Ysra (L(P3ns1)) = n“+5n+6andm=3n+2,n>1, Ysrd (Psn+2) * Ysrd (L(P3ns2)) = Ysrd(Pans2) + Ysrd(Psns1) =20
+ 7, Ysra(Pans2) X Ysra (L(Psn42)) =Nn? + 7n + 12. Hence the theorem.

Definition 2.5 [2]: The jump graph J(G) of G is the graph whose vertex set is E(G) in which two vertices are adjacent if and only
if they are non-adjacent in G.

Theorem 2.6:
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3 ifm=2
( 5 ifm=3
7 ifm=4o0orm=26
Ysrd(Pm)-"YSrd(](Pm)):{ 9 ifm=>5 and
n+4 ifm=3nn>2

n+5 ifm=3n+1,n=>2
n+6 ifm=3n+2n =2

2 ifm=2

6 ifm=23
12 ifm=4o0orm=6
Ysrd(l:)m)XYSM(](Pm)):< 20 ifm =5
2(n+2) ifm=3n,n>2
2n+3) ifm=3n+1n=>2
2(n+4) fm=3n+2,n =2

Proof: Obviously y¢.q(J(P,)) = 1 and J(Pm) = P,,,_;, as discussed in the theorem 2.2. We get the theorem.
Definition 2.7 [4]: The subdivision graph S(G) of a graph G is obtained from G by inserting a new vertex into every edge of G.

Theorem 2.8: Whenn > 1,
5ifm=2
3n+5ifm = 3n
3n+6ifm=3n+1
3n+ 7ifm=3n+2
6ifm=2
2n? 4+ 7n+ 6ifm = 3n
2n?4+9n+9ifm=3n+1
2n? +11n+12ifm=3n+2

Ysrd(Pm) *+ Ysra (S(Pm))= and

Ysrd (Pm) X Ysrd (S (Pm)):

Proof: Case(i): Suppose m = 2. S(P2) = Pa. Hence ysra(Ps) + Ysra (S(P2)) =5 and ysq(P,) X ysr:q (S(P,)) = 6. Suppose m=3n, n >
1 USing result 1-31 Ysrd (P3n) + Ysrd (S(p3n)) = Ysrd (PSn) + Ysrd(P3(2n—1)+2) =3n+5and Ysrd(P3n) X Ysrd (S(P3n)) = 2n2 +7n+6.
Similarly m=3n+ 1’ nz 1’ Ysrd(P3n+1) + Ysrd(S(P3n+1)) = YSI‘d(P31’1+1) + YSrd(PS(Zn)+1) =3n+ 61 YSrd(P3n+1) X YSrd(S(P3n+1))
= 2n2 +9n+9and m =3n + 2» nz= 1’ Ysrd(P3n+2) s YSrd(S(P3n+2)) = YSrd(P3n+2) + Ysrd(P3(2n+1)) =3n+ 71 YSrd(P3n+2) X
Yerd (S(Psp42)) = 2n2 + 11n + 12. Hence the theorem.

Definition 2.9: The paraline graph P(L(G)) is a line graph of subdivision graph of G.

Theorem 2.10: Whenn > 1,
4ifm =2
3n+ 4ifm=3n
3n+5ifm=3n+1
3n+8ifm=3n+2
4ifm =2
2n> 4+ 6n+4ifm = 3n
2n’+8n+6ifm=3n+1
2n>+14n+20ifm =3n+ 2

Ysrd(Pm) * Ysra (P(L(Pm)))= and

Ysrd (Pm) X Ysrd (P(L(Pm))):

Proof: Case(i): Suppose m = 2. P(L(P2)) = P2. Therefore ys.q (P2) + Ysra (P(L(P;))) =4 and y¢q (P,) X Ysra (P(L(P,))) = 4. Suppose
m=3n, n > 1. USing result 1-3.1 Ysrd(p3n) + YSrd(p(L(pSn))) = Ysrd(p3n) + YSrd(P3(2n—1)+1) =3n + 4 and YSrd(P3n) x
Ysrd(P(L(p3n))) = 2n2 +6n+4. Slmllarly m=3n+ 1, n= 17 Ysrd(p3n+1) + YSrd(p(L(P3n+1))) = Ysrd(P3n+1) + YSrd(P3(2n)) =3n

+ 51 Ysrd(p3n+1) X Ysrd(P(L(p3n+1))) = 2n2 +8n+6and m=3n+ 2a n= 1, YSrd(p3n+2) + Ysrd(P(L(p3n+2))) = Ysrd(P3n+2) +
Ysrd(PS(Zn)+2) =3n+ 81 Ysrd(P3n+2) X Ysrd(P(L(P3n+2))) = an + 14n + 20. Hence the theorem.

Definition 2.11 [1]: The corona Gi(OG; of two graphs G; and G is defined as the graph by taking one copy of G1 (which has p1
points) and p; copies of G, and then joining the i point of G; to every point in the i" copy of G,.

Theorem 2.12: Whenn > 1,
6ifm=2
Sn+4if m=3n
ysrd(Pm)+ysrd(Pm®K1): 5n+7ifm=3n+1

5n+10if m=3n+2
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8ifm=2
Py x P OK _{ 4n?+10n+4if m=3n
ysrd( m) Vsrd( m 1)_ 4n2+16n+12 ifm=3n+1

k4n2+22n+24ifm=3n+2

Proof: When m = 2, P,(OKj1 = P4. Using result 1.3, Ys-q (P;) + Vsra (P O K1) =6, Ysrqa(P2) X Vsra (P, O K;) = 8. Suppose m > 3.
Let G be the graph PnOKi. Let V(G) ={vi, Ui/ 1 <i<n} and E(G) = {viVis1/ 1 <i<n-1} U {viui/ 1 <i<n}. Thendegvi =2 =
degvn, degvi=3,2<i<n-landdegui=1,1<i<n. LetS be astrong restrained dominating set of G. Since any strong restrained
dominating set contains all the end vertices, therefore all ui, 1 <i<nbelong to S. The subgraph H induced by the remaining vertices
is the path Pm. The pendent vertices do not strongly dominate the vertices of the path Pm. Using result 1.3, y5.q(H) = ¥Vsrqa (Bn)-
Therefore | S | = ]/srd(Pm) + nKi. Hence ]/srd(P3n) + ]/srd(P3n O) Kl) =5n+4, Vsrd(P3n) X Vsrd(P3n O] Kl) =4n”+10n + 4,n2
1 Similarly, YSrd(P3n+1) + YSrd(P3n+1 @ Kl) =5n + 71 ysrd(P3n+1) X Vsrd(P3n+1 @ Kl) = 4n2 +16n + 12 and ysrd(P3n+2) +
Ysra (Pan+2 O K1) =50 + 10, ¥Yorq (Psni2) X Yora (Pansz © Ki) = 4n%+ 22n + 24, n > 1. Hence the theorem.

Theorem 2.13: Whenk > 1,
2(n+2)ifm=2
—._) 2k+nm+4ifm=23k
ysrd(Pm)+ysrd(PmOKn)_ 2k+nm+6ifm=3k+1

2k+nm+8if m=3k+2

4n+1D)ifm=2
) e )+ mm42)ifm =3k
Vora(Pn) * Vora(bm O Kn) =9 4 3) (e + nm+ 3) if m = 3k + 1
(k + 4)(k +nm + 4) if m = 3k + 2

Proof: When m = 2, P, Kn = P4 2(n— 1) K. Therefore yg,.q (P,) + Ysra (P, © K) =2(0 + 2), Ysra (P2) X Vsra (P, O Ky) = 4(n
+ 1). Suppose m > 3. Let G be the graph Pm® Kn. Let V(G) = {vi, vij/ 1 <i<m, 1 <j <n}and E(G) = {ViVis, Vivij/ 1 <i<m -1,
1 <j<n}U{vmvmi/1<j<n}.Let S be astrong restrained dominating set of G. Since any strong restrained dominating set contains
all the end vertices, therefore all vij, 1 <i<m, 1 <j <n belong to S. The subgraph H induced by the remaining vertices is the path
Pm. The pendent vertices do not strongly dominate the vertices of the path Pm. Using result 1.3, ysq(H) = ¥4-q(By). Therefore
| S 1= ¥ora(Pu) + nm. Hence yora (Psie) # ¥sra(Par © Kn) = 2K +0m + 4, 0 (Pyi)) X Yora (Paxe © Ky) = (k +2) (k+ nm +2), n
21 Similarly, YSTd(P3k+1) +_Vsrd(P3k+1 @ Kn) =2k + nm + 6: ysrd(P3k+1l X YSTd(P3k+1 @ Kn) = (k + 3) (k +nm + 3) and
Vsrd (P3k+2) + Vsrd (P3k+2 @ Kn) =2k+nm+ 81 ysrd(P3k+2) X Vsrd (P3k+2 O Kn) = (k + 4) (k +nm + 4)1 n> 1. Hence the theorem.

Definition 2.14: Let G be a graph with a fixed vertex v and let (P : G) be the graph obtained from m copies of G and the path Pp:
U, Uy, ...., um by joining uj with the vertex of the j" copy of G by means of an edge for 1 <i<n.

Theorem 2.15: Whenn > 2,

( 2m+2)if m=2
3(n+3)if m=3
Ysra(Pn) + Vsra (B Sp) =3 k(3n+4)+2if m=3k, k=2

4(k+1)+n@Bk+1D)ifm=3k+1,k=>1

2k +3)+n@Bk+2) if m=3k+2,k>1
4n+1)ifm=2
In+2)ifm=3

Ysra(Pn) X Vsra(Pmi Sn) =1 m(k +2)(n+ Dif m =3k, k=2

mk+3)(n+Difm=3k+1,k=>1

mk+4)(n+D)ifm=3k+2,k=1

Proof: Let G be a graph (Pm: Sn), n > 2, where Py, be the path having m vertices and Sm = Kim. Let ug, Uy, ...., un be the vertices of
path Pm. Then V((Pm : Sn)) = {ui, vi, vij: 1 £i<m, 1 <j<n} and E((Pm : Spn)) = {Uili+1, UjVj, ViVik : 1 <i<m—-1,1<j<m, 1 <k <
n}. Suppose m =2, P, : Sy = Pg U 2(n — 1)K1. Therefore yg,.q(Py: Sy) = ¥sra(Ps) + 2(n — 1). Hence Y q (Py) + Vra(Py: Sp) = 2(n
+ 2) and ygq (P2) X ¥Ysra(Py: Sy) = 4(n + 1). Suppose m = 3, V(Ps : Sp) is the unique strong restrained dominating set of P3 : Sp.
Therefore ysq(P3) + Vsrq(P3:Sy) =3(n + 3) and y5,.q(P3) X Vgrq(P3:Sy) =9(n + 2). Suppose m# 3, S= {vj, vjj/ 1 <i<n, 1 <j
< m} is the unique strong restrained dominating set of G and | S | =m(n + 1). Therefore ygrq(Psr) + Vora(Psi: Sp) = Kk(3Bn +4) +
2 and Ysrq(P3x) X Vsra(Pax: Sn) = MK + 2)(n + 1), k > 2. Similarly g (Pag+1) + Vsra(Pag+1: Sn) = 4(k + 1) + n(3k + 1) and
Vsrd(P3k+1) X ysrd(P3k+1:Sn) = m(k + 3)(” + 1) and YSTd(P3k+2) + YSrd(P3k+2:Sn) = 2(2k + 3) + n(3k + 2) and Vsrd(P3k+2) X
Yora (Psk42:Sp) =m(k + 4)(n + 1), k > 1. Hence the theorem.

Definition 2.16: The coconut tree graph T(n, m) is obtained by joining the central vertex of the star Ki,m and a pendent vertex of a
path P, by an edge.
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Theorem 2.17: Whenk > 1,
m+5ifn=2

Ysra(B) + Vera(T(m,m)) =<2k + m+5if n=3k,3k +1
2k+m+7ifn=3k+2

2(m+3)ifn=2

k+2)(k+m+3)if n=3k

(k+3)k+m+2)ifn=3k+1
k+4)(k+m+3)ifn=3k+2

Vsrd (Pn) X Vsrd (T(Tl, m)) = {

Proof: Let G be a coconut tree T(n, m). Let vi, Vo, ...vn be the vertices of path Py, u be the central vertex of Kim and us, Uz,...,um
be the pendent vertices of Ky m. The vertices u and v;, is joined by an edge. The subgraph H induced by the vertices v1, v, ... vn, U,
Uz is the path Py+2. Let S be the strong restrained dominating set of Pn.2. The vertices of S together with the pendent vertices uy, us,
.... um form a strong restrained dominating set T of G and | T | = | S | + m — 1. Therefore ys.q(P,) + Vsra(T(2,m)) = m + 5,
ysrd(PZ) x ysrd(T(Z' m)) = 2(m+3) Ifn= 3k! k= 11 then ]/srd(Pn) + ysrd(T(n: m)) = YSrd(P3k+2) + )/srd(T(3k: m)) =2k+m+
5, Vsra (Pn) X YST'd(T(n' m)) = (k + 2) (k tm+ 3) Ifn=3k+1,k=1then Vsra (Pn) *Vsra (T(n' m)) =Vsra (P3(k+1)) *¥Vsra (T(3k +
1,m)) =2k+m+ 5! ysrd(Pn) x ysrd(T(n' m)) = (k + 3) (k tm+ 2) and if n = 3k + 21 k>1 then YSrd(Pn) + ysrd(T(n: m)) =
ysrd(PS(k+1)+1) + ysrd(T(Sk + Zrm)) =2k+m+ 7’ ]/srd(Pn) S ysrd(T(n! m)) = (k + 4) (k tm+ 3) Hence the theorem.

Definition 2.18: The twig graph G obtained from the path P, by attaching exactly two pendent edges to each internal vertex of the
path.

Theorem 2.19: Let G be a twig graph. When k > 1,
4ifm=2
8kifm = 3k
Vsra(Bn) + Vsra(G) = 42k +1)ifm=3k+1
8(k+1)ifm=3k+2
4ifm=2
7k?+ 12k — 4 if m = 3k
7k?+ 22k +3ifm =3k + 1
7k? + 32k + 16.if m = 3k + 2

Ysrd (Pm) X Ysrd (G) =

Proof: Let G be a twig graph. Let V(G) = {vi, u;, wj/ 1 <i<n, 1 £j <n -2} and E(G) = {ViVis1, UjVjs1, WiVj+1 / 1 <i <n—1,1<]j
<n-—2}. Suppose m = 2, G = P,. Therefore yo.q(P,) + Ysrq(G) =4 and yoq(P,) X Ysrq(G) = 4. Suppose m > 3, let S be a strong
restrained dominating set of path Pm. The vertices of S together with pendent vertices {u;, w;j / 1 <j <m— 2} form a strong restrained
dominating set Tof Gand |T| = | S| +2 (m —2). Therefore yg.q(Psi) + Ysra(G) = 8K, Vsra(Psi) X Ysra(G) = 7K + 12k — 4, k >
1. Similarly Ysrd(P3k+1) + Ysrd(G) = 4(2k +l)7 Ysrd(p3k+1) b Ysrd(G) = 7k? + 22k + 3 and YSrd(p3k+2) + YSrd(G) = 8(k + 1)1
Ysrd (Paka2) X Ysra (G) = 7K? + 32k + 16, k > 1. Hence the theorem.

3. CONCLUSION

In this paper, the authors studied sum and product of strong restrained domination number of path and its derived graphs. Similar
studies can be made on this type for various derived graphs.
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