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ABSTRACT

This paper investigates the class Scot* Of starlike functions associated with the cotangent function. We
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. INTRODUCTION
Let A denote the class of analytic functions f in the open unit disk D={z € C : |z| < 1} normalized by f(0)=0

and f'(0)=1. Thus, each f € A has a Taylor series expansion of the form:
f(z) = z + a,z* +...+apz? +- (1)
where the series is convergent in the unitdisc D = {z: |z| < 1}
Let S c A be the subclass of univalent functions. A function f € A is said to be starlike if f(D) is a starlike
domain with respect to the origin. The class of starlike functions is denoted by S*. The study of coefficient
problems, particularly the Bieberbach conjecture (Jan| < n), has been a central theme in geometric function
theory. This has led to the introduction of many subclasses of S, often defined by subordination.
For an analytic function ¢ with positive real part, ¢(0)=1, and ¢'(0) > 0, Ma and Minda [18] unified the
study of these classes by defining

Sx (@) = {f € A: 2zl (2)/f(z) < 9(2)}.
By choosing specific ¢, one obtains well-known classes. For instance:

e  ¢(z) = (1+2)/(1—z) gives the class of starlike functions,
e ((z) =e”z yields the class Se*,* studied by Mendiratta et al. [19]. and
e ¢(z)=1+sin z and @(z)=1+tanh z. are other recent examples.

In this paper, we introduce and study the class Scot* by choosing ¢(z)=1+z cot z. This function maps the

unit disk onto a domain symmetric about the real axis and has a positive real part.
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Definition 1.1

A function f € A belongs to the class Scot™ if it satisfies the subordination condition: % <1+

Z cot z, z € D.
The Hankel determinant Hq(n), introduced by Pommerenke [21], is another important tool for studying the

properties of analytic functions. For f € A as in (1.1) and n,q € N, the g-th Hankel determinant is defined as:

ap ans1 7 9n+q-1
Adn+1 dn+2 An+q
Hq(n) = : : .
an+q—1 an+q an+2q—2

The second Hankel determinant Ha(1)=a1as—a2?, Hz(2)=asas—as? and third Hankel determinants H; (1) =
az(aza, —az®) —ayas —azaz) + as(az —a,?)
have received significant attention due to the complexity of their estimation.l(see [2,9, 15]).
In this work, we aim to find sharp bounds for H2(2) and Hs(1) for the class Scot*. We also provide estimates

for the coefficients a,, a5, a4, ag and the fourth Hankel determinant Ha(1).

II. Preliminaries and Coefficient Estimates

Let P denote the class of Carathéodory functions, i.e., analytic functions p on D with p(0)=1 and Re(p(z)) >
0. Every function p € P has the series representation:

p(z) =1+ piz+ p2z> + psz® + ---

If f € Scot™ , then by definition, there exists a Schwarz function w(z) such that:

% = 1 + w(z) cot(w(z)) 2.1)

Following the standard technique, we relate the coefficients of f to the coefficients of a function p € P via the
substitution:

(r@) -1

(p(2) +1)

Using the series expansions, and by substituting the expansions of w(z), p(z) and f(z) in (2.1) and then
comparing the coefficients, we obtain the expressions of ai (i=2, 3, ..., 7) interms of pj (j = 1, 2, ..., 5), given
in the following Lemma.

Lemma 2.1. Let f € Scot™ and be of the form (1.1). Then,

A = (1/4)]31

as = (1/48)(3p:2 + 4pz2)

as = (1/1152)(—=5p:* + 36pip2 + 48ps3)

as = (1/23040)(21p14 - 180p12p2 + 240p1p3 + 1440p4)

To estimate these coefficients, we need bounds on pn.

Lemma 2.2. If p € P is given by p(z) = 1 + piz + p22> + -+, then |pn| < 2 forn > 1.

Lemma 2.3. Let p € P. If p € P has the form p(z) = 1 + piz + p2z2 + --+, then the following inequalities hold:
2p>=pi> +y(4 —p?)

4ps =pr* + 2pi(4 — pr?)y — pi(4 — pr?)y* + 2(4 — p?)(1 — yP)n

8ps =pi* + (4 —p2)y(p(y* — 3y + 3) +4y) —4(4 — pA)(1 — yP)(Pu(y — D+ y? — (1 — MP)p)

Theorem 2.4. Let f € Scot*. Then,

laz| < 1/2, |as| <5/12, |ae] <47/144, |as| < 139/360.

Proof:- The proof follows by substituting the expressions for p2,ps,ps from Lemma 2.3 into the formulas in
Lemma 2.1, setting p1=p€[0,2].

From the above Lemma (2.1) a2 = (1/4)p: using Lemma (2.2), we obtain

laz| < 1/2.

w(z) =
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Again using Lemma (2.1) as = (1/48)(3p:2 + 4p2)
las| < [(1/48)(3ps* + 4po)|
< 1/48)( |3p:?| + 4|p2|)
<1/48)(12 + 8) =5/12 using Lemma (2.2)
Again using Lemma (2.1)
as = (1/1152)(=5p:® + 36pip2 + 48ps)
| 24| < [(1/1152)(=5p:® + 36pip2 + 48ps)|
< (1/1152)[ | (_5p13 |+ |36p1p2 |+ |48p3|]
< (1/1152)[ 40 + 144 |+ 192]=47/144 using Lemma (2.2)
Similarly we can obtain the last inequality
as = (1/23040)(21p:* — 180p:2p2 + 240p:ips + 1440pa)
|as| < |(1/23040)(21p:* — 180pi2p: + 240pips + 1440p.)|
<(1/23040) [ |21p:*| + [180p:2p2| + |240p1ps| + [1440pa|]
< 139/360.
III. Second and Third Hankel Determinants
Theorem 3.1
Let f € Scot*. Then the second Hankel determinant is bounded by:

|H2(2)| = |a2a4 — a3?| < 4/9

This result is sharp.
Proof
From Lemma 2.1, we express azas — as? in terms of p1, p2, ps. Using Lemma 2.3, we write
Now compute a: a+ and as*:
a2 as = (1/4608)(—5p:* + 36p:i%p2 + 48pips),
as2 = (1/2304)(9p:* + 24p:%p: + 16p2?).
Therefore,
a2 as — a3 = (1/4608)(—23p:* — 12p:?p2 + 48pips — 32p2?).
Thus, Hx(2) = (1/4608)(—23p:* — 12p:2p2 + 48pips — 32p=?). (1)
From Lemma 2.3:
2p2=pi* +y(4 —pi*), so p2 = (172)ps* + (v/2)(4 = pr*).  (2)
4ps =p* +2pi(4 —p2)y —pi(4 —p?)y? + 24 —pA)(A —yP)n. (3)
Let p: = p € [0,2]. For simplicity, let x = |y| € [0,1], and y = |n| € [0,1].
Since the class P is rotationally invariant, we may assume p is real and non-negative, and choose arguments
of v, n to maximize absolute value.
Now substitute (2) and (3) into (1). After simplification, we obtain:
Ha(2) = (1/4608)[B1(p,y) + P=(p,y)n + Ps(p,y)n*].
Where
H2(2)| < (1/4608) [ |B1(p.X)] + 1B2(p)| ¥ 1,
where x =y, y=n|,
B1(px) = (4-p?)?* (8 + 7p*) X%,
B2(px) =24 p (4-pH)(1-x).
H2(2)| < (1/4608) [(4 —p?)* 8+ Tp) x*+24p (4 —pH(1 —xH)y]. ..(4)
Since 'y € [0,1], the maximum of the expression in brackets for fixed p, x occurs when y = 1. Therefore,
IH2(2)| < (1/4608) F(p,x),
where
Fpx)=4-p*)*@+7p*) x*+24p (4 —p*)(1 —x3). ...(05
Step 3: Maximize F(p,x) over p € [0,2], x € [0,1]
We now find the maximum of F(p,x) on the closed rectangle [0,2] x [0,1].
Casel:p=0
F(0,x)=(4 -0 (8 +0) x2+ 0

=16 -8x2

=128 x2.
Maximum on x € [0,1] occurs at x = 1:
F(0,1) = 128.
Case2:p=2
F(2,x) = (4 — 4)? (8 + 28) x2 + 24-2-(0)(1 — x?) = 0.
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So maximum = 0.
Case 3:x=0
F(p,0) = (4 —p?)* (8 + 7p*)(0) + 24 p (4 —p*)(1 — 0)

=24p (4 —pd).
This is a cubic in p, maximized for p € [0,2].
Derivative test: d/dp [24p(4 — p?)] = 24 (4 — 3p?).
Set=0=>p=2/V3.
Atp=2/V3,
F(2/ v 3,0) =24 (2/ ¥ 3)(4 — (4/3))

=48/ v3 + (8/3)
=128/ V3 =73.85.

Cased:x=1
F(p,1) = (4 —p>* (8 + 7p?)(1) + 0

=4 -p’* (8+7p°.
This is maximized over p € [0,2].
Atp=0:
F(0,1) =162 - 8 = 2048.
Atp=2:
F(2,1) = 0. So the maximum on this boundary is 2048.
Case 5: Interior (0 <p<2,0<x<1)
We must check if a maximum occurs inside.
But by the form of F(p,x), the largest values are dominated by the x2 term when x = 1.
Thus the global maximum occurs at (p =0, x = 1).
max F(p,x) = 2048.
Therefore,

IH2(2)| < (1/4608) - 2048
=2048 / 4608
=64/144
=4/9.
The extremal function satisfies zf'(z)/f(z) = 1 + z cot(z).
Theorem 3.2. Let f € Scot*. Then, the third Hankel determinant is bounded by:
Ha(1)| < 125/1728.
Proof :-
Hs(1) = a3 (a2 a2 — a3?) —as (as — a2 a3) + as (as — a2?). (3.2.1)
Hs(1) = (1/6635520) [ =173 pi® + 552 pi* p2 — 1872 pi? p2> — 3840 p2* + 2208 pi? ps + 8064 p1 p2 ps — 11520
P> — 6912 pi? pa+ 13824 p2ps ]. (3.2.2)
2p2=pl+y(4-psd)
Aps=p’P+2pi(4=p2)y—pr (4-p)y2+2(@4—p?) 1 -QPn
8ps=prt+ (4 —p2)y (P (=37 +3)+4y) 4@ -pH A - (py-Dn+tym—(1-mP)p)
Letpi=p€[0,2],x =l €[0, 1], y=[n| € [0, 11, z=|p| € [0, 1].
Hs(1) = (1/6635520) [ au(p, X) + o2(p, x) N + az(p, X) > + w(p, X, M) p |
IH;](I)I < (1/6635520) [ |ou(p, x)| + |a2(p, X)| y + [os(p, X)| y* + [w(p, X, n)| ] < T(p, X, y)
where
T(p, x, y) = (1/6635520) [ Ti(p, x) + T2(p, X) y + T3(p, X) y* + Ta(p, x)(1 —y?) ]. (3.2.3)
Ti(p, x) =5p°+ 180 x2 p? (4 — p?)? + 1536 x> (4 — p?)2 + 240 x> p? (4 — p?)2 + 144 x* p* (4 — p?2 + 12 x p* (4
— p?) + 120 p* 2 (4 — p?)
Ta(p, x) = (1 — x2)(4 — p>)(240 p* + 288 p x (4 — p) + 576 p x2 (4 — p?))
Ta(p, x) = (1 — x2)(4 — p?)(2880 (4 — p?) + 576 x* (4 — p?))
Ta(p, X) = 3456 x (1 — x2)(4 — p?)?
Over the domain (p, X, y) € [0, 2] x [0, 1] x [0, 1], the maximum occursatp =0, x =0,y = 1.
Maximum value: Hs(1) = 125/1728.
The bound is sharp and is attained by the function f € S*_{cot} defined by
(z f(2))/ f(z) =1+ z cot(z).
For this function, Hs(1) = 125/1728.
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