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ABSTRACT: The aim of this paper is to introduce a new class of  continuous sets, namely        𝑵𝜹𝒈^ -continuous and 𝑵𝜹𝒈^ 

- continuous sets in Nano topological spaces. Further we investigate fundamental properties are discussed. Additionally we 

relate with some other Nano topological spaces. 

 

Keywords : Nano topological spaces, generalized closed sets, 𝜹𝒈 - closed sets, 𝜹 − 𝒄𝒍𝒐𝒔𝒖𝒓𝒆,  𝒈^ - open sets,  𝜶-continuous  .                      

1 Introduction 

                           The concept of continuity plays major role in general topology. In general, a continuous function is one, for which 

small changes in the input result in changes in the input result changes in the output. Many authors have studied different types of 

continuity. Topology, as a branch of mathematics, can be formally defined as ” the study of qualitative” properties of certain objects 

(called topological spaces) that are invariant under certain kind of transformations (called continuous maps). Especially those 

properties that are invariant under a certain kind of equivalence. Further we have shown that composition of two 𝑵𝜹𝒈^  - continuous 

need not be 𝑵𝜹𝒈^  -continuous. 

2  PRELIMINARIES 

                   Throughout this chapter(𝑈, 𝜏𝑅(𝑋))   is a Nano topological space with respect to 𝑋 

where  𝑋 ⊆ 𝑈, 𝑅 is an equivalence relation on 𝑈, 𝑈/𝑅 denotes the family of equivalence 

classes of 𝑈 by 𝑅. Here we recall the following known definitions and properties. 

Definition 2.1[8]   Let 𝑈 be a non empty finite set of objects called the universe and 𝑅 be an 

equivalence relation on 𝑈 named as the indiscernibility relation. Then 𝑈 is divided into disjoint equivalence classes. Elements 

belonging to the same equivalence class are said to be discernible with one another. The pair (𝑈, 𝑅) is said to be the approximation 

space. Let 𝑋 ⊆ 𝑈 

        1.     The lower approximation of 𝑋 with respect to 𝑅 is the set of all objects which can be 

     for certain classified as 𝑋 with respect to 𝑅 and it is denoted by𝐿𝑅(𝑋). That is                                                                        𝐿𝑅(𝑋) 

= 𝑈𝑥∈𝑈{𝑅(𝑥) /𝑅(𝑥)  ⊆  𝑋} where 𝑅(𝑥) denotes the equivalence class 

                 determined by 𝑋. 

         2.     The upper approximation of 𝑋 with respect to 𝑅 is the set of all objects which can be 

                  possibly defined as 𝑋 with respect to 𝑅 and it is denoted by 𝑈𝑅(𝑋). That is 

                  UR(X) = 𝑈𝑥∈𝑈{𝑅(𝑥) /𝑅(𝑥)  ∩  𝑋 ≠  𝜙} 

         3.      The boundary region of 𝑋 with respect to 𝑅 is the set of all objects which can be 

                   neither as 𝑋 nor as not 𝑋 with respect to 𝑅 and is denoted by 𝐵𝑅(𝑋). That 

                   is 𝐵𝑅(𝑋)  =  𝑈𝑅(𝑋) – 𝐿𝑅(𝑋). 
Proposition 2.2[2]    If (𝑈, 𝑅) is an approximation space and 𝑋, 𝑌 ⊆  𝑈, then 

         1.     𝐿𝑅(𝑋) ⊆  𝑋 ⊆ 𝑈𝑅(𝑋) 

         2.      𝐿𝑅(∅)= 𝑈𝑅(∅)  = ∅ and  𝐿𝑅(𝑈) = 𝑈𝑅(𝑈) =  𝑈 

         3.     𝑈𝑅(𝑋 ∪ 𝑌) =𝑈𝑅(𝑋) ∪ 𝑈𝑅(𝑌)         

         4.     𝑈𝑅(𝑋 ∩  𝑌)  ⊆  𝑈𝑅(𝑋)  ∩  𝑈𝑅(𝑌) 

         5.     𝐿𝑅(𝑋 ∪ 𝑌) ⊇ 𝐿𝑅(𝑋) ∪ 𝐿𝑅(𝑌) 

         6.      𝐿𝑅(𝑋 ∩  𝑌)  =   𝐿𝑅(𝑋)  ∩   𝐿𝑅(𝑌) 

         7 .    𝐿𝑅(𝑋) ⊆ 𝐿𝑅(𝑌) and 𝑈𝑅(𝑋) ⊆ 𝑈𝑅(𝑌)whenever 𝑋 ⊆  𝑌 

         8.     𝑈𝑅(𝑋𝑐)= [𝐿𝑅(𝑋)]c  and 𝐿𝑅(𝑋𝑐) = [𝑈𝑅(𝑋)]c         

         9.     URUR(X) = LRUR(X) = UR(X) 

        10.    𝐿𝑅  𝐿𝑅(𝑋)  =  𝑈𝑅 𝐿𝑅(𝑋)  =   𝐿𝑅(𝑋) 

Definition 2.3[1]    Let 𝑈 be the universe, 𝑅 be an equivalence relation on 𝑈 and             𝜏𝑅(𝑋) =  {U,∅, 𝐿𝑅(𝑋), 𝑈𝑅(𝑋), 𝐵𝑅(𝑋)} 

where X⊆U. Then by the proposition 2.2, 𝑅(𝑋) satisfies the following axioms: 

            1.    𝑈 and ∅ ∈ 𝜏𝑅(𝑋)      

            2.    The union of the elements of any subcollection of (𝑈, 𝜏𝑅(𝑋))  is in (𝑈, 𝜏𝑅(𝑋)) .  

            3.    The intersection of the elements of any finite subcollection of (𝑈, 𝜏𝑅(𝑋))  is in  

                     (𝑈, 𝜏𝑅(𝑋)) .  

That is (𝑈, 𝜏𝑅(𝑋))  is a topology on 𝑈 called the Nano topology on 𝑈 with respect to 𝑋. We call (𝑈, 𝜏𝑅(𝑋))  as the Nano topological 

space. The elements of (𝑈, 𝜏𝑅(𝑋))  are called as Nano open sets. 

  

Remark 2.4[1]       If (𝑈, 𝜏𝑅(𝑋))  is the Nano topology on 𝑈 with respect to 𝑋, then the set         𝐵 = {U,∅, 𝐿𝑅(𝑋),  𝐵𝑅(𝑋)} is the 

basis for  𝜏𝑅(𝑋). 
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Definition 2.5[1]    If (𝑈, 𝜏𝑅(𝑋))   is a Nano topological space with respect to  𝑋 and if  𝐴 ⊆  𝑈, 

then the Nano interior of 𝐴 is defined as the union of all Nano-open subsets of 𝐴 and is denoted by 𝑁𝑖𝑛𝑡(𝐴).That is, 𝑁𝑖𝑛𝑡(𝐴) is 

the largest Nano-open subset of 𝐴. 
The Nano closure  of 𝐴 is defined as the intersection  of  all Nano -closed sets containing 𝐴 and 

it is denoted by 𝑁𝑐𝑙(𝐴). That is, 𝑁𝑐𝑙(𝐴) is the smallest Nano-closed set containing 𝐴. 

Definition 2.6[1,5]    Let (𝑈, 𝜏𝑅(𝑋))  be a Nano topological space and 𝐴 ⊆  𝑈. Then 𝐴 is said to 

be 

                   (i)       Nano pre-open if 𝐴 ⊆ 𝑁𝑖𝑛𝑡(𝑁𝑐𝑙(𝐴)) 

                   (ii)      Nano semi-open if 𝐴 ⊆ 𝑁𝑐𝑙(𝑁𝑖𝑛𝑡(𝐴)) 

                   (iii)     Nano α-open if 𝐴 ⊆ 𝑁𝑖𝑛𝑡(𝑁𝑐𝑙(𝑁𝑖𝑛𝑡(𝐴))) 

                   

The complements of the above mentioned sets are called their respective Nano-closed sets. 

Definition 2.7[7]     Let (𝑈, 𝜏𝑅(𝑋))   be a  Nano topological space. A subset 𝐴 of  (𝑈, 𝜏𝑅(𝑋))   is 

called Nano generalized-closed set (briefly 𝑁𝑔 − closed ) if 𝑁𝑐𝑙(𝐴)  ⊆  𝑉 where 𝐴 ⊆  𝑉 and 𝑉 

is Nano-open. 

The complement of Nano generalized -closed set is called as Nano generalized-open set. 

Definition 2.8[9]    For every set 𝐴 ⊆  𝑈, the Nano generalized closure of A is defined as the 

intersection of all 𝑁𝑔- closed sets containing 𝐴 and is denoted by 𝑁𝑔 − 𝑐𝑙(𝐴). 
Definition 2.9[9]    For every set 𝐴 ⊆  𝑈, the Nano generalized interior of A is defined as the 

union of all 𝑁𝑔- open sets contained in 𝐴 and is denoted by 𝑁𝑔 − 𝑖𝑛𝑡(𝐴). 
 

Propsition 2.10[9]   For any 𝐴 ⊆  𝑈 ,                                                                                                                                                

(i)  𝑁𝑔𝐶𝑙(𝐴) is the smallest 𝑁𝑔 closed set containing 𝐴. 
(ii)  𝐴 is Ng- closed if and only if 𝑁𝑔𝐶𝑙(𝐴)  =  𝐴. 
(iii)  𝐴 ⊆  𝑁𝑔𝐶𝑙(𝐴)  ⊆  𝐶𝑙(𝐴) 
Proposition 2.11[9]   For any two subsets 𝐴 and 𝐵 of 𝑈, 

(i)    If 𝐴 ⊆  𝐵, then 𝑁𝑔𝐶𝑙(𝐴)  ⊆  𝑁𝑔𝐶𝑙(𝐵) 

(ii)   𝑁𝑔𝐶𝑙(𝐴 ∩ 𝐵)  ⊆  𝑁𝑔𝐶𝑙(𝐴) ∩  𝑁𝑔𝐶𝑙(𝐵) 

Definition 2.12     The nano 𝛿 – interior [13] of a subset 𝐴 of 𝑋 is the union of all regular open set of 𝑋 contained in 𝐴 and is 

denoted by 𝑁𝐼𝑛𝑡
𝛿

(𝐴). The subset 𝐴 is called 𝑁𝛿-open [13] if  𝐴 = 𝑁𝐼𝑛𝑡𝛿(𝐴), i.e. a set is 𝑁𝛿-open if it is the union of regular 

open sets. The complement of a 𝑁𝛿-open is called  𝑁𝛿-closed. Alternatively, a set 𝐴 ⊆ (𝑈, 𝜏𝑅(𝑋)) is called 𝑁𝛿-closed [13] if 𝐴 = 

𝑁𝑐𝑙𝛿(𝐴), where 𝑁𝑐𝑙𝛿(𝐴) = {𝑥 ∈ 𝑋: 𝑖𝑛𝑡(𝑐𝑙(𝑈) ∩ 𝐴 ≠ ∅, 𝑈 ∈ 𝜏𝑅(𝑋) 𝑎𝑛𝑑 𝑥 ∈ 𝑈}. 

Definition 2.13[3]          Let (𝑈, 𝜏𝑅(𝑋)) and (𝑉, 𝜏𝑅
′ (𝑌)) be two Nano topological spaces. Then a mapping 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌)) is Nano-continuous function on 𝑈 if the inverse image of every Nano-open set in (𝑉, 𝜏𝑅

′ (𝑌)) is Nano-open in (𝑈, 𝜏𝑅(𝑋)).  

Definition 2.14[7]          Let (𝑈, 𝜏𝑅(𝑋)) and (𝑉, 𝜏𝑅
′ (𝑌))be two Nano topological spaces. Then a mapping 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌))is Nano generalized-continuous function (shortly              𝑁𝑔-continuous) on 𝑈 if the inverse image of every Nano-

open set in (𝑉, 𝜏𝑅
′ (𝑌)) is Nano generalized-open in (𝑈, 𝜏𝑅(𝑋)).  

Definition 2.15[ 4]          Let (𝑈, 𝜏𝑅(𝑋)) and (𝑉, 𝜏𝑅
′ (𝑌))be two Nano topological spaces. Then a mapping 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌)) is Nano semi-continuous function on 𝑈 if the inverse image of every Nano-open set in (𝑉, 𝜏𝑅

′ (𝑌)) is Nano semi-open 

in (𝑈, 𝜏𝑅(𝑋)).  

Definition 2.16[12]          Let (𝑈, 𝜏𝑅(𝑋)) and (𝑉, 𝜏𝑅
′ (𝑌))be two Nano topological spaces. Then a mapping 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌))is Nano semi*-continuous function on 𝑈  if the inverse image of every Nano-open set in (𝑉, 𝜏𝑅

′ (𝑌))  is Nano semi*-

open in (𝑈, 𝜏𝑅(𝑋)). 

 Definition 2.17[4]           Let (𝑈, 𝜏𝑅(𝑋)) and (𝑉, 𝜏𝑅
′ (𝑌))be two Nano topological spaces. Then a mapping 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌))  is Nano 𝜶-continuous function on 𝑈 if the inverse image of every Nano-open set in (𝑉, 𝜏𝑅

′ (𝑌)) is Nano 𝛼 -open in 

(𝑈, 𝜏𝑅(𝑋)). 

Definition 2.18[5]           Let (𝑈, 𝜏𝑅(𝑋)) and (𝑉, 𝜏𝑅
′ (𝑌))be two Nano topological spaces. Then a mapping 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌)) is Nano 𝜷-continuous function on 𝑈 if the inverse image of every Nano-open set in (𝑉, 𝜏𝑅

′ (𝑌)) is Nano 𝛽 -open in 

(𝑈, 𝜏𝑅(𝑋)). 

 Definition 2.19[3]         Let (𝑈, 𝜏𝑅(𝑋)) and (𝑉, 𝜏𝑅
′ (𝑌)) be two Nano topological spaces. Then a mapping 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌))  is Nano pre-open continuous function on 𝑈 if the inverse image of every Nano-open set in (𝑉, 𝜏𝑅

′ (𝑌)) is Nano pre-

open open in  (𝑈, 𝜏𝑅(𝑋)).3 𝑵𝜹𝒈^ - CONTINUOUS FUNCTIONS  

Definition 3.1    Let (𝑈, 𝜏𝑅(𝑋))and (𝑉, 𝜏𝑅
′ (𝑌))be two Nano topological spaces. Then a mapping 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅

′ (𝑌)) is 

𝑵𝜹𝒈^ −continuous function on 𝑈 if the inverse image of every Nano-open set in (𝑉, 𝜏𝑅
′ (𝑌)) is 𝑵𝜹𝒈^ -open in (𝑈, 𝜏𝑅(𝑋)). 

Example 3.2        Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑}   with   𝑈/𝑅 = {{𝑎}, {𝑏, 𝑐}, {𝑑}} and  𝑋 = {𝑎, 𝑏}.     Then 𝜏𝑅(𝑋)={𝑈 , 𝜙 , {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}}. 
Then  𝑁𝛿𝑔^-open sets are {𝑈 , 𝜙 , {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}. Let 

𝑉 = {𝑥. 𝑦. 𝑧, 𝑤} with 𝑉/𝑅 ′ = {{𝑥}, {𝑦, 𝑤}, {𝑧}} and 𝑌 = {𝑥, 𝑦}. Then                                           𝜏𝑅
′ (𝑌)  = {𝑉, 𝜙 , {𝑥}, {𝑦, 𝑤}, {𝑥, 𝑦, 𝑤}}. 

Define 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) as 𝑓 (𝑎) = 𝑦,        𝑓(𝑏) = 𝑧, 𝑓 (𝑐) = 𝑥, 𝑓 (𝑑) = 𝑤 Then 𝑓−1({𝑥}) = {𝑐}, 𝑓−1({𝑦, 𝑤}) = {𝑎, 𝑑},                                    
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𝑓−1 ({𝑥, 𝑦, 𝑤}) = {𝑎, 𝑐, 𝑑} and 𝑓−1 (𝑉) = 𝑈. That is, the inverse image of every Nano-open set in 𝑉 is  𝑁𝛿𝑔^ −open set in 𝑈. 

Therefore 𝑓 is  𝑁𝛿𝑔^ -continuous. 

 Theorem 3.3    Every Nano-continuous function is  𝑁𝛿𝑔^ −continuous. 

 Proof :      Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) be Nano-continuous on(𝑈, 𝜏𝑅(𝑋)). Since 𝑓 is         Nano- continuous of (𝑈, 𝜏𝑅(𝑋)), 

the inverse image of every Nano open set in (𝑉, 𝜏𝑅
′ (𝑌)) is       Nano- open in (𝑈, 𝜏𝑅(𝑋)).  But every Nano-open set is 𝑁𝛿𝑔^ −open 

set. Hence the inverse image of every Nano open set in (𝑉, 𝜏𝑅
′ (𝑌))is 𝑁𝛿𝑔^  −open in (𝑈, 𝜏𝑅(𝑋)). Therefore 𝑓 is                        𝑁𝛿𝑔^ 

- continuous. 

Remark 3.4    The converse of the above theorem is not true as seen from the following example.  

Example 3.5    Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑} with 𝑈/𝑅 = {{𝑎}, {𝑏, 𝑐}, {𝑑}} and 𝑋 = {𝑎, 𝑏}. Then            𝜏𝑅(𝑋)={𝑈 , 𝜙 , {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}}. 

Then  𝑵𝜹𝒈^ -open sets are {𝑈 , 𝜙 , {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}. Let 

𝑉 = {𝑥. 𝑦. 𝑧, 𝑤} with 𝑉/𝑅 ′ =  {{𝑥}, {𝑦, 𝑤}, {𝑧}} and 𝑌 = {𝑥, 𝑦}. Then                                         𝜏𝑅
′ (𝑌) = {𝑉, 𝜙 , {𝑥}, {𝑦, 𝑤}, {𝑥, 𝑦, 𝑤}}. 

Define 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) as 𝑓(𝑎) = 𝑥,          𝑓(𝑏) =   𝑦, 𝑓(𝑐) = 𝑧, 𝑓(𝑑) = 𝑤 .Then 𝑓−1  ({𝑦, 𝑤}) = {𝑏, 𝑑} which is not 

Nano-open set in (𝑈, 𝜏𝑅(𝑋)).  Hence 𝑓 is not Nano-continuous.  

Theorem 3.6      Every Nano 𝛼 −continuous function is Nano 𝑁𝛿𝑔^ -continuous.  

Proof :        Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌))  be Nano 𝛼 -continuous on (𝑈, 𝜏𝑅(𝑋)). Let 𝐶 be Nano open in 𝑉. Since 𝑓 is Nano 𝛼-

continuous of (𝑈, 𝜏𝑅(𝑋)),the inverse image of every      Nano-open set in (𝑉, 𝜏𝑅
′ (𝑌))  is Nano 𝛼-open in (𝑈, 𝜏𝑅(𝑋)). Hence 𝑓−1 

(𝐶) is  𝑁𝛿𝑔^  -open in (𝑈, 𝜏𝑅(𝑋)). But every Nano 𝛼-open set is 𝑁𝛿𝑔^  -open set. Therefore 𝑓−1 (𝐶) is 𝑁𝛿𝑔^  -open in 

(𝑈, 𝜏𝑅(𝑋)).Hence the inverse image of every Nano-open set in (𝑉, 𝜏𝑅
′ (𝑌)) is 𝑁𝛿𝑔^  −open in (𝑈, 𝜏𝑅(𝑋)).Therefore 𝑓 is 𝑁𝛿𝑔^  -

continuous.  

Remark 3.7      The converse of the above theorem is not true as seen from the following example.  

Example 3.8      Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑} with 𝑈/𝑅 = {{𝑎}, {𝑏, 𝑐}, {𝑑}} and 𝑋 = {𝑎, 𝑏}. Then  𝜏𝑅(𝑋)  =   {𝑈, 𝜙, {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}} =

 𝑁𝛼𝑂. Then 𝑁𝛿𝑔^−open sets are {𝑈, 𝜙, {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}. 

Let 𝑉 = {𝑥. 𝑦. 𝑧, 𝑤} with 𝑉/𝑅 ′ = {{𝑥}, {𝑦, 𝑤}, {𝑧}} and 𝑌 = {𝑥, 𝑦}. Then                                     𝜏𝑅
′ (𝑌) = {𝑉, 𝜙 , {𝑥}, {𝑦, 𝑤}, {𝑥, 𝑦, 𝑤}}. 

Define 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌))  as 𝑓(𝑎) = 𝑥,        𝑓(𝑏) = 𝑦, 𝑓(𝑐) = 𝑧, 𝑓(𝑑) = 𝑤.  Then   𝑓−1 ({𝑥, 𝑦, 𝑤}) = {𝑎, 𝑏, 𝑑} which 

is not Nano 𝛼-open set in (𝑈, 𝜏𝑅(𝑋)).Hence 𝑓 is not Nano 𝛼-continuous. 

 Theorem 3.9      Every Nano generalized−continuous function is 𝑁𝛿𝑔^  -continuous.  

 Proof :      Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) be Nano generalized continuous on (𝑈, 𝜏𝑅(𝑋)).Since 𝑓 is Nano generalized-continuous 

of (𝑈, 𝜏𝑅(𝑋)),the inverse image of every Nano             generalized-open set in (𝑉, 𝜏𝑅
′ (𝑌)) is Nano generalized-open set in 

(𝑈, 𝜏𝑅(𝑋)).  But every Nano generalized-open set is 𝑁𝛿𝑔^  −open set. Hence the inverse image of every Nano-open set in (𝑉, 𝜏𝑅
′ (𝑌))  

is 𝑁𝛿𝑔^  - open in (𝑈, 𝜏𝑅(𝑋)).Therefore 𝑓 is 𝑁𝛿𝑔^  -continuous.  

Remark 3.10      The converse of the above theorem is not true as seen from the following example.  

Example 3.11        Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑} with 𝑈/𝑅 = {{𝑎}, {𝑏, 𝑐}, {𝑑}} and 𝑋 = {𝑎, 𝑏}. Then 𝜏𝑅(𝑋) =  {𝑈 , 𝜙, {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}}. 
Then 𝑁𝛿𝑔^-open sets are {𝑈 , 𝜙 , {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}. Let 𝑉 =

{𝑥, 𝑦, 𝑧, 𝑤} with 𝑉/𝑅 ′ =  {{𝑥}, {𝑦, 𝑤}, {𝑧}} and 𝑌 = {𝑥, 𝑦}.  Then     𝜏𝑅
′ (𝑌) {𝑉, 𝜙 , {𝑥}, {𝑦, 𝑤}, {𝑥, 𝑦, 𝑤}}. Define 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌)) as                                    𝑓 (𝑎)𝑦,                   𝑓 (𝑏) = 𝑧, 𝑓 (𝑐) = 𝑥, 𝑓 (𝑑) = 𝑤.  Then 𝑓−1 ({𝑥}) = {𝑐}, 𝑓−1({𝑦, 𝑤}) = {𝑎, 𝑑}, 

𝑓−1 ({𝑥, 𝑦, 𝑤})   = {𝑎, 𝑐, 𝑑} and 𝑓−1 (𝑉) = 𝑈. Here 𝑓−1 ({𝑥, 𝑦, 𝑤}) = {𝑎, 𝑐, 𝑑} which is not Nano generalized-open set in 

(𝑈, 𝜏𝑅(𝑋)). Hence 𝑓 is not Nano generalized-continuous.  

Theorem 3.12       Every Nano semi-continuous function is 𝑵𝜹𝒈^  -continuous. 

 Proof : Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌))   be Nano semi-continuous on (𝑈, 𝜏𝑅(𝑋)).Since 𝑓 is Nano semi-continuous of 

(𝑈, 𝜏𝑅(𝑋)),the inverse image of every Nano semi-open set in (𝑉, 𝜏𝑅
′ (𝑌)) is Nano semi-open in (𝑈, 𝜏𝑅(𝑋)). But every Nano semi-

open set is 𝑵𝜹𝒈^  -open set.  Hence the inverse image of every Nano semi-open set in (𝑉, 𝜏𝑅
′ (𝑌))  is 𝑵𝜹𝒈^ −open in 

(𝑈, 𝜏𝑅(𝑋)).Therefore 𝑓 is 𝑵𝜹𝒈^ −continuous. 

 Remark 3.13        The converse of the above theorem is not true as seen from the following example.  

Example 3.14         Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑} with 𝑈/𝑅 = {{𝑎}, {𝑏, 𝑐}, {𝑑}} and 𝑋 = {𝑎, 𝑏}. Then 𝜏𝑅(𝑋) =  {𝑈 , 𝜙 , {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}}.  
Then 𝑵𝜹𝒈^-open sets are {𝑈 , 𝜙 , {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}. Here 

Nano semi-open sets are {𝑈, 𝜙, {𝑎}, {𝑎, 𝑐}, {𝑏, 𝑑}, {𝑎, 𝑏, 𝑑}. Let 𝑉 = {𝑥. 𝑦. 𝑧, 𝑤} with              
𝑉

𝑅

′
= {{𝑥}, {𝑦, 𝑤}, {𝑧}}  𝑎𝑛𝑑 𝑌 =

{𝑥, 𝑦}. 𝑇ℎ𝑒𝑛 𝜏𝑅
′ (𝑌)  = {𝑉, 𝜙 , {𝑥}, {𝑦, 𝑤}, {𝑥, 𝑦, 𝑤}}. Define 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅

′ (𝑌)) as 𝑓 (𝑎) = 𝑦, 𝑓(𝑏) = 𝑧, 𝑓(𝑐) = 𝑥, 𝑓(𝑑) =

𝑤. Then  𝑓−1({𝑥, 𝑦, 𝑤}) = {𝑎, 𝑐, 𝑑} which is not Nano semi-open set in (𝑈, 𝜏𝑅(𝑋)) . Hence 𝑓 is not Nano semi-continuous.  

Theorem 3.15      Every Nano 𝑠𝑒𝑚𝑖∗-continuous function is 𝑵𝜹𝒈^  −continuous.  

Proof :      Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) be Nano 𝑠𝑒𝑚𝑖∗-continuous on (𝑈, 𝜏𝑅(𝑋)).Since 𝑓 is Nano 𝑠𝑒𝑚𝑖∗-continuous of 

(𝑈, 𝜏𝑅(𝑋)),the inverse image of every Nano 𝑠𝑒𝑚𝑖∗-open set in (𝑉, 𝜏𝑅
′ (𝑌))is Nano 𝑠𝑒𝑚𝑖∗-open in (𝑈, 𝜏𝑅(𝑋)). But every Nano 

𝑠𝑒𝑚𝑖∗-open set is 𝑵𝜹𝒈^  −open set. Hence the inverse image of every Nano 𝑠𝑒𝑚𝑖∗-open set in (𝑉, 𝜏𝑅
′ (𝑌)) is 𝑵𝜹𝒈^  −open in 

(𝑈, 𝜏𝑅(𝑋)).Therefore 𝑓 is 𝑵𝜹𝒈^  -continuous.  

Remark 3.16 The converse of the above theorem is not true as seen from the following example . 

Example 3.17      Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑} with 𝑈/𝑅 = {{𝑎}, {𝑏, 𝑐}, {𝑑}} and 𝑋 = {𝑎, 𝑏}. Then   𝜏𝑅(𝑋) = {𝑈, 𝜙, {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}}. 
Then 𝑵𝜹𝒈^ - open sets are { 𝑈, 𝜙, {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}. Here 

Nano 𝑠𝑒𝑚𝑖∗- open sets are {𝑈, 𝜙, {𝑎}, {𝑎, 𝑐}, {𝑏, 𝑑}, {𝑎, 𝑏, 𝑑}. Let 𝑉 = {𝑥. 𝑦. 𝑧, 𝑤} with      𝑉/𝑅 ′ = {{𝑥}, {𝑦, 𝑤}, {𝑧}} and 𝑌 = {𝑥, 𝑦}. 

http://www.ijsdr.org/


ISSN: 2455-2631                                            January 2023 IJSDR | Volume 8 Issue 1 

IJSDR2301044 www.ijsdr.orgInternational Journal of Scientific Development and Research (IJSDR)  274 

 

Then 𝜏𝑅
′ (𝑌) = {𝑉, 𝜙 , {𝑥}, {𝑦, 𝑤}, {𝑥, 𝑦, 𝑤}}. Define 𝑓: (𝑈, 𝜏𝑅(𝑋) →  (𝑉, 𝜏𝑅

′ (𝑌)) as 𝑓(𝑎) = 𝑦, 𝑓 (𝑏) = 𝑧, 𝑓 (𝑐) = 𝑥, 𝑓 (𝑑) = 𝑤. 

Then  𝑓−1({𝑥})           =  {𝑐} which is not Nano 𝑠𝑒𝑚𝑖∗- open set in (𝑈, 𝜏𝑅(𝑋)). Hence 𝑓 is not Nano 𝑠𝑒𝑚𝑖∗- continuous.  

Theorem 3.18     Every Nano 𝛽-continuous function is 𝑁𝛿𝑔^  −continuous.  

 Proof :   Let  𝑓: (𝑈, 𝜏𝑅(𝑋)) →  (𝑉, 𝜏𝑅
′ (𝑌)) be Nano 𝛽 −continuous on (𝑈, 𝜏𝑅(𝑋)). Since 𝑓 is Nano 𝛽 -continuous of (𝑈, 𝜏𝑅(𝑋)) , 

the inverse image of every Nano 𝛽 -open set in (𝑉, 𝜏𝑅
′ (𝑌))  is Nano 𝛽-open set in (𝑈, 𝜏𝑅(𝑋)).  But every Nano 𝛽-open set is 𝑁𝛿𝑔^ 

−open set. Hence the inverse image of every Nano-open set in (𝑉, 𝜏𝑅
′ (𝑌)) is 𝑁𝛿𝑔^ −open in  (𝑈, 𝜏𝑅(𝑋)). Therefore 𝑓 is   𝑁𝛿𝑔^ -

continuous.  

Remark 3.19     The converse of the above theorem is not true as seen from the following example  

Example 3.20      Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑} with 𝑈/𝑅 = {{𝑎}, {𝑏, 𝑐, 𝑑}} and 𝑋 = {𝑎, 𝑏}. Then     𝜏𝑅(𝑋) = {𝑈, 𝜙, {𝑎}, {𝑏, 𝑐, 𝑑}}. Then  

𝑁𝛿𝑔^−open sets are { 𝑈, 𝜙, {𝑎}, {𝑏}, {𝑐}, {𝑑}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑} Here Nano 

𝛽 -open sets are {𝑈 , 𝜙 , {𝑏}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑏, 𝑐, 𝑑}}.  Let   𝑉 = {𝑥. 𝑦. 𝑧, 𝑤}  with 𝑉/𝑅 ′ =  {{𝑥}, {𝑤, 𝑧}, {𝑦} 

and 𝑌 = {𝑦}. Then 𝜏𝑅
′ (𝑌) =  {𝑉, 𝜙 , {𝑦}}.     Define 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅

′ (𝑌)) as 𝑓(𝑎) = 𝑦, 𝑓(𝑏) = 𝑥, 𝑓(𝑐) = 𝑧, 𝑓(𝑑) = 𝑤. Then 

𝑓−1({𝑦})  =  {𝑎}, and 𝑓−1({𝑣})  =  𝑈. Here 𝑓−1({𝑦})  =  {𝑎} which is not Nano 𝛽-open set in (𝑈, 𝜏𝑅(𝑋)). Hence 𝑓 is not Nano 𝛽 

continuous. 

Theorem 3.21        Every Nano pre-continuous function is  𝑁𝛿𝑔^ −continuous. 

 Proof :     Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) be Nano pre-continuous on (𝑈, 𝜏𝑅(𝑋)). Since 𝑓 is Nano pre-continuous of (𝑈, 𝜏𝑅(𝑋)), 

the inverse image of every Nano pre-open set in (𝑉, 𝜏𝑅
′ (𝑌)) is Nano pre-open in (𝑈, 𝜏𝑅(𝑋)). But every Nano pre-open set is  𝑁𝛿𝑔^ 

−open set. Hence the inverse image of every Nano pre-open set in (𝑉, 𝜏𝑅
′ (𝑌))   is  𝑁𝛿𝑔^  − open in (𝑈, 𝜏𝑅(𝑋)). Therefore 𝑓 is   

𝑁𝛿𝑔^-continuous.  

Remark 3.22      The converse of the above theorem is not true as seen from the following example  

Example 3.23          Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑} with 𝑈/𝑅 = {{𝑎}, {𝑏, 𝑐}, {𝑑}} and 𝑋 = {𝑎, 𝑏}. Then 𝜏𝑅(𝑋) = {𝑈, 𝜙, {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}}. 

Then  𝑵𝜹𝒈^ -open sets are { 𝑈, 𝜙, {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}. Here 

Nano pre-open sets are {𝑈, 𝜙, {𝑎}, {𝑏}, {𝑑}, {𝑎, 𝑏}, {𝑎, 𝑑}, {𝑏, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑐, 𝑑}, {𝑎, 𝑏, 𝑑}. Let 𝑉 = {𝑥. 𝑦. 𝑧, 𝑤} with 𝑉/𝑅 ′ =

 {{𝑥}, {𝑦, 𝑤}, {𝑧}} and  𝑌 = {𝑥, 𝑦}. Then                                   𝜏𝑅
′ (𝑌) = {𝑉, 𝜙 , {𝑥}, {𝑦, 𝑤}, {𝑥, 𝑦, 𝑤}}.  Define 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌)) as 𝑓 (𝑎) = 𝑦, 𝑓 (𝑏) = 𝑧, 𝑓 (𝑐) = 𝑥, 𝑓 (𝑑) = 𝑤. Then 𝑓−1({𝑥}) = {𝑐} which is not Nano pre-open set in (𝑈, 𝜏𝑅(𝑋)). 

Hence 𝑓 is not Nano pre-continuous. 

 Theorem 3.24       A function 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) be  𝑁𝛿𝑔^ −continuous if and only if the inverse image of every Nano-

closed set in 𝑉 is 𝑁𝛿𝑔^ -closed in 𝑈 . 

Proof :      Let 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌))  be  𝑁𝛿𝑔^ −continuous function and 𝐹 be Nano-closed in (𝑉, 𝜏𝑅

′ (𝑌)) . That is, 𝑉 − 𝐹 is 

Nano-open in (𝑉, 𝜏𝑅
′ (𝑌)). Since 𝑓 is  𝑁𝛿𝑔^ -continuous, the inverse image of every Nano-open set in (𝑉, 𝜏𝑅

′ (𝑌)) is  𝑁𝛿𝑔^ -open in 

(𝑈, 𝜏𝑅(𝑋)). Hence 𝑓−1(𝑉 − 𝐹) is  𝑁𝛿𝑔^ - open in (𝑈, 𝜏𝑅(𝑋)). That is,  𝑓−1(𝑉 − 𝐹) = 𝑓−1(𝑉) − 𝑓−1(𝐹)                        =  𝑈 − 

𝑓−1(𝐹) is  𝑁𝛿𝑔^ -open in (𝑈, 𝜏𝑅(𝑋)). Therefore, 𝑓−1(𝐹)  is  𝑁𝛿𝑔^− closed in (𝑈, 𝜏𝑅(𝑋)). Conversely, let the inverse image of 

every Nano-closed set in (𝑉, 𝜏𝑅
′ (𝑌)) is  𝑁𝛿𝑔^ -closed in (𝑈, 𝜏𝑅(𝑋)). Let 𝐺 be Nano-open in (𝑉, 𝜏𝑅

′ (𝑌)). Then 𝑉 − 𝐺 is Nano-closed 

in (𝑉, 𝜏𝑅
′ (𝑌)). Hence 𝑓−1(𝑉 − 𝐺)is  𝑁𝛿𝑔^ − closed in (𝑈, 𝜏𝑅(𝑋)). That is, 𝑈 − 𝑓−1(𝐺) is  𝑁𝛿𝑔^ -closed in (𝑈, 𝜏𝑅(𝑋)). Therefore, 

𝑓−1(𝐺) is  𝑁𝛿𝑔^^
 −open in (𝑈, 𝜏𝑅(𝑋)).Thus, the inverse image of every Nano-open set in (𝑉, 𝜏𝑅

′ (𝑌))  is  𝑁𝛿𝑔^-open in 

(𝑈, 𝜏𝑅(𝑋)).That is, 𝑓 is  𝑁𝛿𝑔^ −continuous on (𝑈, 𝜏𝑅(𝑋)).  

 Theorem 3.25       A function 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) is  𝑁𝛿𝑔^ -continuous if and only if 𝑓(𝑁𝛿𝑔^ ∗  𝐶𝑙(𝐴)) ⊆  𝑁𝐶𝑙(𝑓(𝐴)) 

for every subset 𝐴 of 𝑈. 

Proof :         Let  𝑓 be a 𝑁𝛿𝑔^ -continuous and 𝐴 ⊆  𝑈. Then 𝑓(𝐴)  ⊆  𝑉. Since 𝑓 is            𝑁𝛿𝑔^ −continuous and 𝑁𝐶𝑙(𝑓 (𝐴)) is 

Nano-closed in 𝑉, 𝑓−1 (𝑁𝐶𝑙(𝑓 (𝐴))) is 𝑁𝛿𝑔^ -closed in 𝑈. Since 𝑓 (𝐴)  ⊆ 𝑁𝐶𝑙(𝑓(𝐴)), 𝑓−1  (𝑓(𝐴))  ⊆ 𝑓−1 (𝑁𝐶𝑙(𝑓 (𝐴))), then 

𝑁𝛿𝑔^ 𝐶𝑙(𝐴)  ⊆ 𝑁𝛿𝑔^ 𝐶𝑙[ 𝑓−1  (𝑁𝐶𝑙(𝑓 (𝐴)))]  =  𝑓−1 (𝑁𝐶𝑙(𝑓(𝐴))). Thus 𝑁𝛿𝑔^ 𝐶𝑙(𝐴)  ⊆ 𝑓−1 (𝑁𝐶𝑙(𝑓(𝐴))). Therefore 𝑓(𝑁𝛿𝑔^ 

𝐶𝑙(𝐴))  ⊆  𝑁𝐶𝑙(𝑓(𝐴)) for every subset 𝐴 of 𝑈. Conversely, let            𝑓(𝑁𝛿𝑔^ 𝐶𝑙(𝐴))  ⊆  𝑁𝐶𝑙(𝑓(𝐴)) for every subset 𝐴 of 𝑈. If  

𝐹 is Nano-closed in 𝑉, since         𝑓−1 (𝐹)  ⊆  𝑈, 𝑓(𝑁𝛿𝑔^ 𝐶𝑙(𝑓−1  (𝐹))) ⊆  𝑁𝐶𝑙(𝑓(𝑓−1 (𝐹))) =  𝑁𝐶𝑙(𝐹). That is, 𝑁𝛿𝑔^𝐶𝑙(𝑓−1 

(𝐹))  ⊆ 𝑓−1 (𝑁𝐶𝑙(𝐹))  = 𝑓−1 (𝐹), since 𝐹 is Nano-closed. Thus 𝑁𝛿𝑔^ 𝐶𝑙(𝑓−1 (𝐹))  ⊆ 𝑓−1 (𝐹). But 𝑓−1 (𝐹)  ⊆ 𝑁𝛿𝑔^ 

𝐶𝑙(𝑓−1 (𝐹)). Thus 𝑁𝛿𝑔^ 𝐶𝑙(𝑓−1 (𝐹))  =  𝑓−1 (𝐹). Therfore  𝑓−1 (𝐹) is 𝑁𝛿𝑔^ −closed in 𝑈 for every Nano-closed set 𝐹 in 𝑉. That 

is, 𝑓 is 𝑁𝛿𝑔^ −continuous.  

Remark 3.26        If 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) be 𝑁𝛿𝑔^ −continuous then 𝑓(𝑁𝛿𝑔^ 𝐶𝑙(𝐴)) is not necessarily equal to 𝑁𝐶𝑙(𝑓(𝐴)) 

for every subset 𝐴 of 𝑈. 

 Example 3.27       Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑} with 𝑈/𝑅 = {{𝑎, 𝑏}, {𝑐}, {𝑑}} and 𝑋 = {𝑎, 𝑐}. Then 𝜏𝑅(𝑋) = {𝑈, 𝜙, {𝑎}, {𝑏}, {𝑎, 𝑏, 𝑐}}.    
Then   𝑁𝛿𝑔^-open sets { 𝑈, 𝜙, {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐},                       {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}. 

Let 𝑉 = {𝑥. 𝑦. 𝑧, 𝑤} with 𝑉/𝑅 ′ =  {{𝑥}, {𝑦, 𝑧, 𝑤}} and 𝑌 = {𝑥, 𝑦}. Then 𝜏𝑅(𝑌) = {𝑉, 𝜙, {𝑥}, {𝑦, 𝑧, 𝑤}}.  Define 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌))  as  𝑓(𝑎) = 𝑦,   𝑓(𝑏) = 𝑧,   𝑓(𝑐) = 𝑥, 𝑓(𝑑) = 𝑤. Then 𝑓−1({𝑥}) = {𝑐}, 𝑓−1 ({𝑦, 𝑧, 𝑤}) = {𝑎, 𝑏, 𝑑} and 𝑓−1 (𝑉) = 𝑈. 

That is, the inverse image of every Nano-open set in 𝑉 is the 𝑁𝛿𝑔^  -open set in 𝑈. Therefore 𝑓 is        𝑁𝛿𝑔^-continuous. Let 𝐴 =
{𝑏, 𝑐, 𝑑} ⊆ 𝑉. Then 𝑓 (𝑁𝛿𝑔^ 𝐶𝑙(𝐴))  =  𝑓 ({𝑏, 𝑐, 𝑑})  =  {𝑥, 𝑧, 𝑤}. But 𝑁𝐶𝑙(𝑓(𝐴)) = 𝑁𝐶𝑙({𝑥, 𝑧, 𝑤}) = 𝑉. Thus 𝑓(𝑁𝛿𝑔^ 𝐶𝑙(𝐴) ) ≠
𝑁𝐶𝑙(𝑓(𝐴)). That is, equality does not hold in the previous theorem when 𝑓 is 𝑁𝛿𝑔^  −continuous. 

Theorem 3.28          Let (𝑈, 𝜏𝑅(𝑋)) 𝑎𝑛𝑑 (𝑉, 𝜏𝑅
′ (𝑌)) be two Nano topological spaces where     𝑋 ⊆  𝑈 and 𝑌 ⊆  𝑉. Then 𝜏𝑅

′ (𝑌) 

=  {𝑉, 𝜙, 𝐿𝑅 ′ (𝑌), 𝑈𝑅 ′ (𝑌), 𝐵𝑅 ′ (𝑌)} and its basis is given by 𝐵𝑅 ′ = {𝑉, 𝐿𝑅 ′ (𝑌), 𝐵𝑅 ′ (𝑌)}. A function 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌))   be 𝑁𝛿𝑔^  −continuous if and only if the inverse image of every member of 𝐵𝑅 ′ is  𝑁𝛿𝑔^ in 𝑈.  
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Proof :         Let 𝑓 be a 𝑁𝛿𝑔^−continuous on 𝑈. Let 𝐵 ∈  𝐵𝑅 ′ . Then 𝐵 is Nano-open in 𝑉. That is, 𝐵 ∈  𝜏𝑅
′ (𝑌). Since 𝑁𝛿𝑔^  -

continuous, 𝑓−1 (𝐵)  ∈ 𝜏𝑅(𝑋). That is, inverse image of every member of 𝐵𝑅 ′ is 𝑁𝛿𝑔^ in 𝑈. Conversely, let inverse image of 

every member of 𝐵𝑅 ′ is 𝑁𝛿𝑔^ in 𝑈. Let 𝐺 be a Nano-open in 𝑉. Then 𝐺 =∪  {𝐵: 𝐵 ∈  𝐵1 }, where 𝐵1 ⊆  𝐵𝑅 ′ . Then                           

𝑓−1 (𝐺)  = 𝑓−1 (∪  {𝐵: 𝐵 ∈  𝐵1 })  = ∪  { 𝑓−1  (𝐵): 𝐵 ∈  𝐵1}, where 𝑓−1 (𝐵) is 𝑁𝛿𝑔^ in 𝑈 and hence their union, which is 𝑓−1 

(𝐺) is 𝑁𝛿𝑔^ in 𝑈. Thus 𝑓 is 𝑁𝛿𝑔^ -continuous on 𝑈.  

Theorem 3.29         A function 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) is 𝑁𝛿𝑔^ -continuous if and only if 𝑓−1 (𝑁𝐼𝑛𝑡 (𝐵))  ⊆ 

𝑁𝛿𝑔^𝐼𝑛𝑡( 𝑓−1 (𝐵)) for every subset 𝐵 of  (𝑉, 𝜏𝑅
′ (𝑌)).  

Proof :         Let  𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌))  be 𝑁𝛿𝑔^ −continuous. By the given hypothesis 𝐵 ⊆  𝑉. Then, 𝑁𝐼𝑛𝑡(𝐵) is Nano-

open in 𝑉. As 𝑓 is 𝑁𝛿𝑔^ −continuous, 𝑓−1 (𝑁𝐼𝑛𝑡(𝐵)) is 𝑁𝛿𝑔^ - open in 𝑈. Hence it follows that 𝑁𝛿𝑔^ 𝐼𝑛𝑡 ( 𝑓−1 (𝑁𝐼𝑛𝑡(𝐵))) = 

𝑓−1 (𝑁𝐼𝑛𝑡(𝐵)). Also, for         𝐵 ⊆  𝑉, 𝑁𝐼𝑛𝑡(𝐵)  ⊆  𝐵 always. Then 𝑓−1 (𝑁𝐼𝑛𝑡(𝐵))  ⊆  𝑓−1 (𝐵). Since 𝑓 is 𝑁𝛿𝑔^−continuous, it 

follows that 𝑁𝛿𝑔^ 𝐼𝑛𝑡( 𝑓−1 (𝑁𝐼𝑛𝑡(𝐵)) ) ⊆ 𝑁𝛿𝑔^ 𝐼𝑛𝑡 𝑓−1 (𝐵), hence 𝑓−1 (𝑁𝐼𝑛𝑡 𝐵)  ⊆ 𝑁𝛿𝑔^ 𝐼𝑛𝑡( 𝑓−1 (𝐵)). Conversely, let 𝑓−1 

(𝑁𝐼𝑛𝑡 𝐵)  ⊆ 𝑁𝛿𝑔^𝐼𝑛𝑡( 𝑓−1 (𝐵)) for every subset 𝐵 of 𝑉. Let 𝐵 be Nano-open in 𝑉 and hence 𝑁𝐼𝑛𝑡(𝐵) = 𝐵, Given 𝑓−1 

(𝑁𝐼𝑛𝑡 (𝐵))  ⊆ 𝑁𝛿𝑔^ 𝐼𝑛𝑡 ( 𝑓−1 (𝐵)), that is 𝑓−1 (𝐵)  ⊆ 𝑁𝛿𝑔^ 𝐼𝑛𝑡( 𝑓−1 (𝐵)). Also 𝑁𝛿𝑔^ 𝐼𝑛𝑡( 𝑓−1 (𝐵))  ⊆ 𝑓−1 (𝐵). Hence it 

follows that 𝑓−1 (𝐵)  = 𝑁𝛿𝑔^ 𝐼𝑛𝑡( 𝑓−1 (𝐵)) which implies that 𝑓−1 (𝐵) is 𝑁𝛿𝑔^−open in 𝑈 for every subset 𝐵 of 𝑉. Therefore, 

𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌))  is 𝑁𝛿𝑔^ − 𝑐ontinuous.  

Theorem 3.30       A function  𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌))  is 𝑁𝛿𝑔^−continuous if and only if 𝑁𝛿𝑔^ 𝐶𝑙( 𝑓−1 (𝐵))  ⊆ 𝑓−1 (𝑁𝐶𝑙 (𝐵)) 

for every subset 𝐵 of (𝑉, 𝜏𝑅
′ (𝑌)).   

Proof :       Let 𝐵 ⊆  𝑉 and 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌))  be 𝑁𝛿𝑔^ -continuous. Then 𝑁𝐶𝑙(𝐵) is Nano-closed in (𝑉, 𝜏𝑅

′ (𝑌)) and 

hence 𝑓−1 (𝑁𝐶𝑙 (𝐵)) is 𝑁𝛿𝑔^ -closed in (𝑈, 𝜏𝑅(𝑋)) . Therefore, 𝑁𝛿𝑔^𝐶𝑙( 𝑓−1 (𝑁𝐶𝑙(𝐵))) = 𝑓−1 (𝑁𝐶𝑙(𝐵)) . Since 𝐵 ⊆  𝑁𝐶𝑙(𝐵) 

, then 𝑓−1 (𝐵)  ⊆                           𝑓−1 (𝑁𝐶𝑙(𝐵)), that is 𝑁𝛿𝑔^ 𝐶𝑙( 𝑓−1 (𝐵))  ⊆ 𝑁𝛿𝑔^ 𝐶𝑙( 𝑓−1 (𝑁𝐶𝑙(𝐵))) = 𝑓−1 (𝑁𝐶𝑙(𝐵)). Hence 

𝑁𝛿𝑔^𝐶𝑙( 𝑓−1 (𝐵))  ⊆ 𝑓−1 (𝑁𝐶𝑙(𝐵)). Conversely, let 𝑁𝛿𝑔^ 𝐶𝑙( 𝑓−1(𝐵))  ⊆ 𝑓−1 (𝑁𝐶𝑙 (𝐵)) for every subset 𝐵 ⊆  𝑉. Now, let 𝐵 

be a Nano-closed set in (𝑉, 𝜏𝑅
′ (𝑌)), then 𝑁𝐶𝑙(𝐵) = 𝐵. By the given hypothesis, 𝑁𝛿𝑔^ 𝐶𝑙( 𝑓−1 (𝐵))  ⊆ 𝑓−1 (𝑁𝐶𝑙 (𝐵)) and hence 

𝑁𝛿𝑔^ 𝐶𝑙( 𝑓−1 (𝐵))  ⊆           𝑓−1 (𝐵) . But we also have 𝑓−1 (𝐵)  ⊆ 𝑁𝛿𝑔^ 𝐶𝑙( 𝑓−1 (𝐵)) and hence 𝑁𝛿𝑔^ 𝐶𝑙( 𝑓−1 (𝐵))  =  𝑓−1 

(𝐵). Thus 𝑓−1 (𝐵) is 𝑁𝛿𝑔^ -closed set in (𝑈, 𝜏𝑅(𝑋)) for every Nano-closed set B in (𝑉, 𝜏𝑅
′ (𝑌)). Hence 𝑓: (𝑈, 𝜏𝑅 (𝑋)) → (𝑉, 𝜏𝑅 ′ 

(𝑌)) is 𝑁𝛿𝑔^ −continuous.  

Example 3.31       Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑} with 𝑈/𝑅 = {{𝑎}, {𝑏, 𝑐}, {𝑑}} and 𝑋 = {𝑎, 𝑏}. Then 𝜏𝑅(𝑋) =  {𝑈, ∅ , {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}} and 

hence the Nano-closed sets in 𝑈 are {𝑈, ∅ , {𝑑}, {𝑎, 𝑑}, {𝑏, 𝑐, 𝑑}}. The 𝑁𝛿𝑔^−open  sets  are  {𝑈, ∅, {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏},   

{𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏. 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}. Let 𝑉 = {𝑥, 𝑦, 𝑧, 𝑤} with 𝑉/𝑅´ = {{𝑥}, {𝑦, 𝑧, 𝑤}} and 𝑌 =

{𝑥, 𝑦}. Then 𝜏𝑅
′ (𝑌)  =  {𝑉, ∅, {𝑥}, {𝑦, 𝑧, 𝑤}} and hence              Nano-closed sets in 𝑉 are {𝑉, ∅, {𝑥}, {𝑦, 𝑧, 𝑤}}. Define 𝑓: (𝑈, 𝜏𝑅(𝑋)) →

(𝑉, 𝜏𝑅
′ (𝑌))  as              𝑓(𝑎) = 𝑦, 𝑓(𝑏) = 𝑧, 𝑓(𝑐) = 𝑥, 𝑓(𝑑) = 𝑤. Then 𝑓 is  𝑁𝛿𝑔^ -continuous on 𝑈, since inverse image of every 

Nano-open set in 𝑉 is 𝑁𝛿𝑔^ −open in 𝑈 . Let 𝐵 =  {𝑥, 𝑧} ⊂  𝑉. Then 𝑁𝛿𝑔^ 𝐶𝑙(𝑓−1 (𝐵)) = 𝑁𝛿𝑔^  𝐶𝑙(𝑓−1 (𝑥, 𝑧))  = 𝑁𝛿𝑔^ 

𝐶𝑙({ 𝑏, 𝑐})  = {𝑏, 𝑐} and 𝑓−1 (𝑁𝐶𝑙(𝐵))  =  𝑓−1 (𝑁𝐶𝑙({𝑥, 𝑧}))  = 𝑓−1 (𝑉)  =  𝑈 . Thus, 𝑁𝛿𝑔^𝐶𝑙(𝑓−1 (𝐵))  ≠ 𝑓−1 (𝑁𝐶𝑙(𝐵)) . Also                        

𝑓−1 (𝑁𝐼𝑛𝑡 𝐵)  = 𝑓−1 (𝑁𝐼𝑛𝑡{𝑥, 𝑧})  = 𝑓−1(𝑧)  =  {𝑎} and 𝑁𝛿𝑔^ 𝐼𝑛𝑡(𝑓−1(𝐵) = 𝑁𝛿𝑔^𝐼𝑛𝑡(𝑓−1 ({𝑥, 𝑧})) = 𝑁𝛿𝑔^ 𝐼𝑛𝑡({𝑎, 𝑏})  =
 {𝑎, 𝑏}. That is,  𝑓−1 (𝑁𝐼𝑛𝑡 𝐵)  ≠ 𝑁𝛿𝑔^  𝐼𝑛𝑡(𝑓−1 (𝐵)). Thus, equality does not hold in theorem 3.2.29 and theorem 3.2.30 when 𝑓 

is                       𝑁𝛿𝑔^-continuous. 

Theorem 3.32         Let (𝑈, 𝜏𝑅(𝑋))  and  (𝑉, 𝜏𝑅
′ (𝑌)) be two Nano Topological space with respect to 𝑋 ⊆  𝑈 and 𝑌 ⊆  𝑉 respectively. 

Then for any function 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)), the following are equivalent  

       (𝑖)  𝑓 is 𝑁𝛿𝑔^ −continuous. 

(ii) The inverse image of every Nano-closed set in 𝑉 is 𝑁𝛿𝑔^−closed in (𝑈, 𝜏𝑅(𝑋)).                               (iii) 𝑓( 𝑁𝛿𝑔^ 

𝐶𝑙(𝐴))  ⊆  𝑁𝐶𝑙(𝑓(𝐴)) for every subset 𝐴 of (𝑈, 𝜏𝑅(𝑋)). 

            (iv) The inverse image of every member of 𝐵𝑅 ′ is 𝑁𝛿𝑔^ − open in (𝑈, 𝜏𝑅(𝑋)) . 

            (v)  𝑓−1 (𝑁𝐼𝑛𝑡 (𝐵))  ⊆ 𝑁𝛿𝑔^ 𝐼𝑛𝑡( 𝑓−1 (𝐵)) for every subset 𝐵 of (𝑉, 𝜏𝑅
′ (𝑌)) . 

            (vi)     𝑁𝛿𝑔^𝐶𝑙( 𝑓−1 (𝐵)) ⊆ 𝑓−1 (𝑁𝐶𝑙 (𝐵)) for every subset 𝐵 of (𝑉, 𝜏𝑅
′ (𝑌)). 

Proof :           The proof of this theorem follows from 3.2.24 to 3.2.30.  

Theorem 3.33          If a map 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌))))  be 𝑁𝛿𝑔^ − continuous and        𝑔: (𝑉, 𝜏𝑅

′ (𝑌) →  (𝑊, 𝜏𝑅
′′(𝑍)) is Nano-

continuous, then (𝑔 ° 𝑓) is 𝑁𝛿𝑔^-continuous. 

 Proof :           Let 𝐺 be Nano-open set in 𝑊. Since 𝑔 is Nano-continuous 𝑔−1(𝐺) is Nano-open in 𝑉 and we know that 𝑓 is 𝑁𝛿𝑔^ 

-continuous then, (𝑔 ° 𝑓) −1  (𝐺)  = 𝑓−1 (𝑔−1(𝐺)) is                 𝑁𝛿𝑔^   -open in 𝑈. Therefore, (𝑔 ° 𝑓) is  𝑁𝛿𝑔^ -continuous. 

 Remark 3.34         Composition of two 𝑁𝛿𝑔^ -continuous maps need not be                                   𝑁𝛿𝑔^ −continuous maps. 

 Example 3.35           Let 𝑈 = {𝑎, 𝑏, 𝑐, 𝑑} with  𝑈/𝑅 = {{𝑎}, {𝑏, 𝑐}, {𝑑}} and 𝑋 = {𝑎, 𝑏}. Then 𝜏𝑅(𝑋)  = {𝑈, 𝜙, {𝑎}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}}. 

Then 𝑁𝛿𝑔^ -open sets are { 𝑈, 𝜙, {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}}. Let 𝑉 =
{𝑥. 𝑦. 𝑧, 𝑤} with 𝑉/𝑅 ′ =  {{𝑥}, {𝑦, 𝑤, 𝑧}} and 𝑌 = {𝑥, 𝑦}. Then 𝜏𝑅

′ (𝑌) = {𝑉, 𝜙 , {𝑥}, {𝑦},                     

{𝑧}, {𝑤}, {𝑥, 𝑦}, {𝑥. 𝑧}, {𝑥, 𝑤}, {𝑦, 𝑧}, {𝑦, 𝑤}, {𝑧, 𝑤}, {𝑥, 𝑦, 𝑧}, {𝑥, 𝑦, 𝑤}, {𝑥, 𝑧, 𝑤}, {𝑦, 𝑧, 𝑤}}. Define 𝑓: (𝑈, 𝜏𝑅(𝑋)) → (𝑉, 𝜏𝑅
′ (𝑌)) as 

𝑓 (𝑎) = 𝑦, 𝑓 (𝑏) = 𝑧, 𝑓 (𝑐) = 𝑥, 𝑓 (𝑑) = 𝑤. Then 𝑓−1 ({𝑥})            = {𝑐},    𝑓−1 ({𝑦, 𝑧, 𝑤}) = {𝑎, 𝑏, 𝑑} and 𝑓−1 (𝑉) = 𝑈. That is, 

the inverse image of every Nano-open set in 𝑉 is the 𝑁𝛿𝑔^ -open set in 𝑈. Therefore 𝑓 is 𝑁𝛿𝑔^-continuous. Let 𝑊 = {𝑎, 𝑏, 𝑐, 𝑑} 

with 𝑊/𝑅 ′′ = {{𝑎}, {𝑏, 𝑑}, {𝑐}} and 𝑍 = {𝑎, 𝑏}. Then 𝜏𝑅
′′(𝑍)  = {𝑊, 𝜙, {𝑎}, {𝑏, 𝑑}, {𝑎, 𝑏, 𝑑}}.   

Define    𝑔: (𝑉, 𝜏𝑅
′ (𝑌) →  (𝑊, 𝜏𝑅

′′(𝑍)) as 𝑔 (𝑥) = 𝑏, 𝑔 (𝑦) = 𝑐, 𝑔 (𝑧) = 𝑑, 𝑔 (𝑤) = 𝑎. Then  𝑔−1({𝑏, 𝑑}) = {𝑥, 𝑧} 𝑔−1 ({𝑎}) =  {𝑤}, 
𝑔−1 ({𝑎, 𝑏, 𝑑}) = {𝑥, 𝑧, 𝑤} and 𝑓−1 (𝑊) = 𝑉. That is, the inverse image of every Nano-open set in 𝑊 is the 𝑁𝛿𝑔^ -open set in 𝑉. 
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Therefore 𝑓 is                 𝑁𝛿𝑔^-continuous. But (𝑔 ° 𝑓) −1 ({𝑎})  = 𝑓−1 (𝑔−1 ({𝑎}))  = 𝑓−1 ({𝑤})  =  {𝑑}  is not 𝑁𝛿𝑔^−open in 𝑈. 

Therefore, Composition of two 𝑁𝛿𝑔^ −continuous maps need not be              𝑁𝛿𝑔^-continuous maps.  

Diagram 3.36          The following diagram shows the relationship between 𝑁𝛿𝑔^ -continuous and other Nano- continuous that are 

studied in this section. 
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