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1 Introduction
The concept of continuity plays major role in general topology. In general, a continuous function is one, for which
small changes in the input result in changes in the input result changes in the output. Many authors have studied different types of
continuity. Topology, as a branch of mathematics, can be formally defined as ” the study of qualitative” properties of certain objects
(called topological spaces) that are invariant under certain kind of transformations (called continuous maps). Especially those
properties that are invariant under a certain kind of equivalence. Further we have shown that composition of two N&g” - continuous
need not be N8g" -continuous.
2 PRELIMINARIES
Throughout this chapter(U, Tz (X)) isa Nano topological space with respect to X
where X € U, R is an equivalence relation on U, U/R denotes the family of equivalence
classes of U by R. Here we recall the following known definitions and properties.
Definition 2.1[8] Let U be a hon empty finite set of objects called the universe and R be an
equivalence relation on U named as the indiscernibility relation. Then U is divided into disjoint equivalence classes. Elements
belonging to the same equivalence class are said to be discernible with one another. The pair (U, R) is said to be the approximation
space.LetX € U
1. The lower approximation of X with respect to R is the set of all objects which can be
for certain classified as X with respect to R and it is denoted byL, (X). That is Lr(X)
= U,ey{R(x) /R(x) S X} where R(x) denotes the equivalence class
determined by X.
2. The upper approximation of X with respect to R is the set of all objects which can be
possibly defined as X with respect to R and it is denoted by Ug (X). That is
UR(X) = Uyey{R(x) /R(x) N X # ¢}
3. The boundary region of X with respect to R is the set of all objects which can be
neither as X nor as not X with respect to R and is denoted by B (X). That
is Br(X) = Ur(X) - Lg(X).
Proposition 2.2[2] If (U, R) is an approximation space and X,Y < U, then
1. Lr(X)S X S Ux(X)
Lr(@)=Ur(®) =@ and Lg(U) = Ug(U) = U
Up(X UY) =Ur(X) U Ug(Y)
Ug(X N Y) S Ug(X) N Ug(Y)
Lr(XUY) 2 Lg(X) U Lg(Y)
Le(X NY) = Le(X) N Lg(Y)
Lr(X) € Lg(Y) and Ux(X) € Ug(Y)whenever X c Y
Up(X)= [Lr(X)]° and Lg(X©) = [Ur(X)]°
9. URUR(X) = LRUR(X) = UR(X)
10. Lg Lx(X) = URLg(X) = Lg(X)
Definition 2.3[1] Let U be the universe, R be an equivalence relation on U and (X)) = {U,0, Lp(X), Ug(X), Bx (X)}
where X<SU. Then by the proposition 2.2, R(X) satisfies the following axioms:
1. Uand @ € 13(X)
2. The union of the elements of any subcollection of (U, 7z (X)) isin (U,tx(X)) .
3. The intersection of the elements of any finite subcollection of (U, Tz (X)) isin
U, (X)) .
Thatis (U, Tz (X)) isatopology on U called the Nano topology on U with respect to X. We call (U, Tz (X)) as the Nano topological
space. The elements of (U, Tz (X)) are called as Nano open sets.

PN U AW

Remark 2.4[1] If (U, tx(X)) isthe Nano topology on U with respect to X, then the set B ={U,0, Lg(X), Bg(X)}isthe
basis for 7z (X).
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Definition 2.5[1] If (U,tz(X)) isa Nano topological space with respectto X and if A € U,
then the Nano interior of A is defined as the union of all Nano-open subsets of A and is denoted by Nint(A).That is, Nint(A) is
the largest Nano-open subset of A.
The Nano closure of A is defined as the intersection of all Nano -closed sets containing A and
it is denoted by Ncl(A). That is, Ncl(A) is the smallest Nano-closed set containing A.
Definition 2.6[1,5] Let (U, txz(X)) be a Nano topological space and A < U. Then A is said to
be
(i) Nano pre-open if A € Nint(Ncl(A))
(i)  Nano semi-open if A € Ncl(Nint(A))
(iii)  Nano a-open if A € Nint(Ncl(Nint(4)))

The complements of the above mentioned sets are called their respective Nano-closed sets.
Definition 2.7[7] Let (U,7x(X)) bea Nano topological space. A subset A of (U, 7z(X)) is
called Nano generalized-closed set (briefly Ng — closed ) if Ncl(A) € V whereA € VandV
is Nano-open.

The complement of Nano generalized -closed set is called as Nano generalized-open set.
Definition 2.8[9] For every set A < U, the Nano generalized closure of A is defined as the
intersection of all Ng- closed sets containing A and is denoted by Ng — cl(A).

Definition 2.9[9] For every set A € U, the Nano generalized interior of A is defined as the
union of all Ng- open sets contained in A and is denoted by Ng — int(A).

Propsition 2.10[9] Forany A < U,

Q) NgCl(A) is the smallest Ng closed set containing A.

(i) A is Ng- closed if and only if NgCl(4) = A.

(iii) A < NgCl(A) < Cl(4)
Proposition 2.11[9] For any two subsets A and B of U,
(i) IfA c B,thenNgCl(A) < NgCl(B)
(i) NgCI(AnB) S NgCIl(A) n NgCI(B)
Definition 2.12  The nano 6 — interior [13] of a subset A of X is the union of all regular open set of X contained in A and is
denoted by Nint .(A). The subset A is called N§-open [13] if A = NInts(A), i.e. asetis N§-open if it is the union of regular
open sets. The complement of a N§-open is called N§-closed. Alternatively, aset A € (U, 7z (X)) is called N§-closed [13] if A =
Ncls(A), where Ncls(A) = {x e X:int(cl(U)N A # @, U € t3(X) and x € U}.

Definition 2.13[3] Let (U, 7x(X)) and (V,7x(Y)) be two Nano topological spaces. Then a mapping f: (U,7z(X)) -
(V,7r(Y)) is Nano-continuous function on U if the inverse image of every Nano-open setin (V, 7z (Y)) is Nano-open in (U, TR (X)).
Definition 2.14[7] Let (U, 7x(X)) and (V,7x(Y))be two Nano topological spaces. Then a mapping f: (U, 7z(X)) -
(V, T (Y))is Nano generalized-continuous function (shortly Ng-continuous) on U if the inverse image of every Nano-
open set in (V, tx(Y)) is Nano generalized-open in (U, tx(X)).

Definition 2.15[ 4] Let (U, 7x(X)) and (V,7x(Y))be two Nano topological spaces. Then a mapping f: (U, (X)) -
(V,7r(Y)) is Nano semi-continuous function on U if the inverse image of every Nano-open set in (V, t;z(Y)) is Nano semi-open
in (U, 7x(X)).

Definition 2.16[12] Let (U, TR(X)) and (V,tx(Y))be two Nano topological spaces. Then a mapping f: (U, rR(X)) -

(V, T (Y))is Nano semi*-continuous function on U if the inverse image of every Nano-open set in (V,7x(Y)) is Nano semi*-
open in (U, T (X)).

Definition 2.17[4] Let (U, 7x(X)) and (V, 74 (Y))be two Nano topological spaces. Then a mapping f: (U, 7x(X)) -
(V,7R(Y)) is Nano a-continuous function on U if the inverse image of every Nano-open set in (V, 7 (Y)) is Nano « -open in
(U, 7 (X)).

Definition 2.18[5] Let (U, TR(X)) and (V,7x(Y))be two Nano topological spaces. Then a mapping f: (U, rR(X)) -

(V,tr(Y)) is Nano B-continuous function on U if the inverse image of every Nano-open set in (V,tx(Y)) is Nano 8 -open in
(U, 1 (X)).

Definition 2.19[3] Let (U, 7x(X)) and (V,7x(Y)) be two Nano topological spaces. Then a mapping f: (U, tx(X)) -
(V,tx(Y)) is Nano pre-open continuous function on U if the inverse image of every Nano-open set in (V, 7z (Y)) is Nano pre-
open open in (U, 7x(X)).3 N6g" - CONTINUOUS FUNCTIONS

Definition 3.1  Let (U, 7z(X))and (V,7x(Y))be two Nano topological spaces. Then a mapping f: (U, (X)) = (V,7p(Y)) is
N&g" —continuous function on U if the inverse image of every Nano-open set in (V, 7 (Y)) is N&g" -open in (U, 7z(X)).
Example 3.2  LetU = {a,b,c,d} with U/R = {{a},{b,c},{d}}and X ={a,b}. Thenx(X)={U,,{a},{b,c},{a b,c}}.
Then N&g“-open sets are {U,¢,{a},{b},{c},{a, b}, {a,c} {a, d},{b,c},{b,d} {c,d},{a b,c} {ab,d},{a,c,d}{b,c,d}}. Let
V={xyzwlwithV/R' = {{x},{y,w},{z}}and Y = {x,y}. Then (YY) ={V,¢,{x},{y,w} {x,y,w}}
Define f: (U, tp (X)) » (V. tr() as f (@) =y,  f(b) =zf (c) =x,f (d) =w Then f7({x}) = {c}, [ ({y,w}) = {a,d},
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7t ({x,y,w}) ={a,c,d} and f~* (V) = U. That is, the inverse image of every Nano-open set in V is N&g" —open set in U.
Therefore f is N§g" -continuous.

Theorem 3.3  Every Nano-continuous function is N§g" —continuous.

Proof:  Let f: (U,7x(X)) = (V,74(Y)) be Nano-continuous on(U, 7z (X)). Since f is Nano- continuous of (U, 7x(X)),
the inverse image of every Nano open setin (V,t(Y))is  Nano- openin (U, TR (X)). But every Nano-open set is N§g" —open

set. Hence the inverse image of every Nano open setin (V, 7z (Y))is N6g" —open in (U, 7z(X)). Therefore f is N&g"
- continuous.

Remark 3.4 The converse of the above theorem is not true as seen from the following example.

Example 3.5 LetU = {a,b,c,d} with U/R = {{a},{b,c},{d}} and X = {a, b}. Then Tw(X)={U, ¢ ,{a},{b,c},{a,b,c}}.
Then N8g" -open sets are {U,¢,{a},{b},{c},{a, b}.{a c},{a d},{b,c},{b,d},{c,d},{a b,c},{a,b,d} {ac,d},{b,c,d}}. Let
V={xyzwlwithV/R' = {{x},{y,w},{z}}and Y = {x,y}. Then (V) ={V,¢,{x},{y,w}, {x,y,w}}

Define f: (U, rR(X)) - V,zx(Y)) as f(a) = x, fb) = y,f(c) =z f(d) =w.Then f~* ({y,w}) = {b,d} which is not

Nano-open set in (U, 7z (X)). Hence f is not Nano-continuous.

Theorem 3.6  Every Nano a —continuous function is Nano N&g" -continuous.

Proof : Let f: (U, 7 (X)) = (V, 7R (Y)) be Nano « -continuous on (U, 7z (X)). Let C be Nano open in V. Since f is Nano a-

continuous of (U, 7z (X)) the inverse image of every ~ Nano-open set in (V, 7z(Y)) is Nano a-open in (U, 7x(X)). Hence f !

(C)is N&g" -open in (U, TR(X)). But every Nano a-open set is N6g" -open set. Therefore £~ (C) is N6g” -open in

(U, 7x(X)).Hence the inverse image of every Nano-open set in (V,7;(Y)) is N6§g" —open in (U, 75 (X)).Therefore f is N6g" -

continuous.

Remark 3.7  The converse of the above theorem is not true as seen from the following example.

Example 3.8 Let U = {a,b,c,d} with U/R = {{a}, {b, c},{d}} and X = {a,b}. Then x(X) = {U,¢,{a},{b,c},{a b,c}} =

NaO. Then N5g"—open sets are {U, ¢,{a}, {b}, {c}.{a, b}, {a,c},{a,d},{b,c},{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d}}.

LetV = {x.y.z,w}withV/R' = {{x},{y,w},{z}}and Y = {x, y}. Then (V) ={V,¢,{x},{y,w} {x,y,w}}

Define f: (U,7x(X)) = (V,tr(Y)) as f(a) = x, f) =y, f(c)=2z f(d)=w. Then f~!{x,y,w}) = {a,b,d} which

is not Nano a-open set in (U, TR (X)).Hence f is not Nano a-continuous.

Theorem 3.9  Every Nano generalized—continuous function is N6g" -continuous.

Proof: Letf: (U, rR(X)) - (V, g (Y)) be Nano generalized continuous on (U, TR (X)).Sincef is Nano generalized-continuous

of (U, TR(X)),the inverse image of every Nano generalized-open set in (V,7x(Y)) is Nano generalized-open set in

(U, 7x(X)). Butevery Nano generalized-open setis N6g" —open set. Hence the inverse image of every Nano-open set in (V, 74 (Y))

is N&g" - open in (U, 7x(X)).Therefore f is N6g" -continuous.

Remark 3.10  The converse of the above theorem is not true as seen from the following example.

Example 3.11 Let U = {a,b,c,d} with U/R = {{a},{b,c},{d}} and X = {a, b}. Then tx(X) = {U, ¢, {a},{b,c},{a, b, c}}.

Then N&g"-open setsare {U , ¢, {a}, {b}, {c}, {a, b}, {a, c},{a, d},{b,c},{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d}}. LetV =

{x,y,zzwiwith V/R' = {{x},{y,w},{z}} and Y = {x,y}. Then p(Y) {V,¢,{x}, {y,w}, {x,y,w}}. Define f: (U, 7z (X)) -

(V,7x(Y)) as f @y, f®)=zf()=xf@d)=w Thenf ({x}) = {c}.f({y,w}) = {a,d},

1 {x,y,w)) ={acd}and f7t (V) =U. Here f~! ({x,y,w}) = {a,c,d} which is not Nano generalized-open set in

(U, TR (X)). Hence f is not Nano generalized-continuous.

Theorem 3.12  Every Nano semi-continuous function is N§g" -continuous.

Proof : Let f: (U,7x(X)) = (V,7x(Y)) be Nano semi-continuous on (U,7z(X)).Since f is Nano semi-continuous of

(U, TR(X)),the inverse image of every Nano semi-open set in (V, r,’e(Y)) is Nano semi-open in (U, TR (X)). But every Nano semi-

open set is N6g”~ -open set. Hence the inverse image of every Nano semi-open set in (V,z(Y)) is N&g" —open in

(U, tx(X)).Therefore f is N8g" —continuous.

Remark 3.13 The converse of the above theorem is not true as seen from the following example.

Example 3.14 Let U = {a,b,c,d} with U/R = {{a},{b,c},{d}} and X = {a, b}. Then tx(X) = {U, ¢ ,{a},{b,c},{a, b, c}}.

Then N&g”-open sets are {U,¢,{a},{b},{c},{a, b}, {a,c},{a,d},{b,c},{b,d},{c,d}.{a,b,c},{a b,d},{a,c,d}{b,c,d}}. Here
v

Nano semi-open sets are {U, ¢, {a},{a,c},{b,d},{a,b,d}. Let V = {x.y.z w} with = ={{x},{y,wh{z}} and Y =

R
{x,y}.Then 1z (V) ={V,¢,{x}, {y,w}, {x,y,w}}. Define f: (U, 7z (X)) » (V,7z(¥)) as f (&) =y, f(b) = 2, f(c) = x, f(d) =
w. Then f~({x,y,w}) = {a, c,d} which is not Nano semi-open set in (U, ‘L'R(X)) . Hence f is not Nano semi-continuous.
Theorem 3.15  Every Nano semi*-continuous function is N§g" —continuous.
Proof : Let f: (U, 7z (X)) = (V,7p(Y)) be Nano semi*-continuous on (U,7(X)).Since f is Nano semi*-continuous of
(U, 7x(X)),the inverse image of every Nano semi*-open set in (V,7x(Y))is Nano semi*-open in (U, 7z(X)). But every Nano
semi*-open set is N6g" —open set. Hence the inverse image of every Nano semi*-open set in (V,7x(Y)) is N8g" —open in
(U, 7x(X)).Therefore f is N&g" -continuous.
Remark 3.16 The converse of the above theorem is not true as seen from the following example .
Example 3.17  Let U = {a, b, c,d} with U/R = {{a},{b,c},{d}} and X = {a,b}. Then 1,(X) = {U, ¢, {a},{b,c},{a,b,c}}.
Then N8g" - open sets are { U, ¢, {a},{b},{c}.{a, b}, {a,c},{a,d},{b,c},{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d}}. Here
Nano semi*- open sets are {U, ¢, {a},{a,c},{b,d},{a,b,d}. LetV = {x.y.z,w}with V/R'={{x},{y,w},{z}}andY = {x,y}.

IJSDR2301044| International Journal of Scientific Development and Research (IJSDR) www.ijsdr.org | 273


http://www.ijsdr.org/

ISSN: 2455-2631 January 2023 IJSDR | Volume 8 Issue 1

Then 7z (Y) ={V, ¢, {x}{y,w}, {x,y,w}}. Define f: (U,7x(X) » (V,5r(Y)) as f(a) =y, f(b) =z f(c)=x, f(d)=w.
Then f1({x} = {c} which is not Nano semi*- open set in (U, 7z (X)). Hence f is not Nano semi*- continuous.
Theorem 3.18  Every Nano -continuous function is N6g" —continuous.

Proof : Let f: (U,7x(X)) = (V,7x(Y)) be Nano 8 —continuous on (U, 7z (X)). Since f is Nano g -continuous of (U, 7x(X)) ,
the inverse image of every Nano 8 -open setin (V,t(Y)) is Nano 5-open set in (U, 7z (X)). But every Nano $-open set is N6g"
—open set. Hence the inverse image of every Nano-open set in (V, 7z (Y)) is N6g" —open in (U, tz(X)). Therefore fis N&g" -
continuous.

Remark 3.19  The converse of the above theorem is not true as seen from the following example
Example 3.20 Let U = {a,b,c,d} with U/R = {{a},{b,c,d}} and X = {a,b}. Then  1x(X) = {U, ¢,{a}, {b,c,d}}. Then
N&g"—opensetsare { U, ¢, {a}, {b}, {c},{d}, {a, b}, {a, c},{a,d},{b,c},{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d} Here Nano
B -open sets are {U , ¢ ,{b},{b,c},{b,d},{a, b}, {a,b,c},{a,b,d},{b,c,d}}. Let V ={x.y.z,w} withV/R' = {{x},{w,z},{y}
andY = {y}. Thentx(Y) = {V,¢,{y}}. Define f: (U, 7x(X)) - (V,7x(Y)) as f(a) =y, f(b) = x, f(c) = z,f(d) = w. Then
1y = {a},and f~1({v}) = U.Here f~1({y}) = {a} which is not Nano g-open set in (U, 7z (X)). Hence f is not Nano 8
continuous.

Theorem 3.21 Every Nano pre-continuous function is N8g" —continuous.

Proof: Letf: (U, rR(X)) — (V,tx(Y)) be Nano pre-continuous on (U, Tz (X)). Since f is Nano pre-continuous of (U, 7z (X)),
the inverse image of every Nano pre-open set in (V, 7x(Y)) is Nano pre-open in (U, 7z (X)). But every Nano pre-open set is N6g"
—open set. Hence the inverse image of every Nano pre-open set in (V,7z(Y)) is N&g" — open in (U, tz(X)). Therefore f is
N&g"-continuous.

Remark 3.22  The converse of the above theorem is not true as seen from the following example
Example 3.23 Let U = {a,b,c,d} with U/R = {{a},{b, c},{d}} and X = {a, b}. Then 1x(X) = {U, ¢, {a}, {b,c},{a, b, c}}.
Then N&g” -open sets are { U, ¢, {a},{b},{c}.{a, b}, {a,c},{a,d},{b,c},{b,d},{c,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d}}. Here
Nano pre-open sets are {U,¢,{a}, {b},{d},{a, b}, {a,d},{b,d},{a,b,c},{a,c,d},{a, b,d}. Let V ={x.y.z,w} with V/R'=
{x},{y,w},{z}} and Y = {x,y}. Then h(Y) = {V, ¢, {x}, {y,w}, {x,y,w}}. Define f: (U,7z(X)) -
V,tr() as f (@) =y, f(B)=2zf (c) =x,f (d) =w. Then f~1({x}) = {c} which is not Nano pre-open set in (U, tz (X)).
Hence f is not Nano pre-continuous.

Theorem 3.24 A function f: (U, TR (X)) - (V,tp(Y)) be N&g" —continuous if and only if the inverse image of every Nano-
closed setin V is N6g" -closed in U .

Proof:  Letf: (U, tx(X)) = (V,7x(Y)) be N&g" —continuous function and F be Nano-closed in (V,7z(Y)) . Thatis, V — F is
Nano-open in (V, 7x(Y)). Since f is N6g" -continuous, the inverse image of every Nano-open set in (V,tz(Y)) is N6g" -open in
(U,7x(X)). Hence f~1(V — F) is N&g" - openin (U,7z(X)). Thatis, f~1(V —F) = f~*(V) — f"1(F) =U-
fY(F) is N&g" -open in (U,7x(X)). Therefore, f~1(F) is N&g - closed in (U,7z(X)). Conversely, let the inverse image of
every Nano-closed setin (V, 74 (Y)) is N8g" -closed in (U, 7x(X)). Let G be Nano-open in (V, 7z (Y)). Then V — G is Nano-closed
in (V,7x(Y)). Hence f~2(V — G)is N&g" — closed in (U, 7x(X)). Thatis, U — f~2(G) is N&g" -closed in (U, 7z (X)). Therefore,
fYG) is NSgAA —open in (U,7z(X)).Thus, the inverse image of every Nano-open set in (V,7x(Y)) is N&g"-open in
(U, ‘L'R(X)).That is, f is N6g" —continuous on (U, 75 (X)).

Theorem 3.25 A function f: (U, (X)) » (V,7x(Y)) is N&g" -continuous if and only if f(N§g" = CI(A)) S NCI(f(A))
for every subset A of U.

Proof : Let f beaN&g" -continuousand A € U. Then f(A) € V. Since f is N&g" —continuous and NCI(f (4)) is
Nano-closed in V, =1 (NCI(f (A))) is N6g" -closed in U. Since f (A) S NCL(f(A)), f~* (f(A)) € f~* (NCI(f (4))), then
N&g" CL(A) S N&g" CI[ f~* (NCI(f (A)))] = f~L (NCIL(f(A))). Thus N6g" CI(A) S f~* (NCL(f(A))). Therefore f(N5g"
Cl(A)) S NCI(f(A)) for every subset A of U. Conversely, let f(N&g" CI(A)) S NCI(f(A)) for every subset A of U. If
F is Nano-closed in V, since f7Y(F) € U, f(N&g" CI(f~* (F))) S NCL(f(f~* (F))) = NCI(F). Thatis, N6g"CI(f~*
(F)) € f~* (NCL(F)) = f~* (F), since F is Nano-closed. Thus N&g" CI(f~* (F)) € f~* (F). But f~* (F) € Né&g"
CIL(f~* (F)). Thus N8g" CL(f~* (F)) = f~' (F). Therfore f=* (F)is N§g" —closed in U for every Nano-closed set F in V. That
is, f is N6g" —continuous.

Remark 326  If f: (U, 73 (X)) = (V,7x(Y)) be N§g" —continuous then f(NS&g" CL(A)) is not necessarily equal to NCI(f (A))
for every subset A of U.

Example 3.27  LetU = {a,b,c,d} with U/R = {{a, b}, {c},{d}} and X = {a, c}. Then tx(X) = {U, ¢, {a}, {b}, {a, b, c}}.
Then N&g”-opensets { U, ¢,{a}, {b},{c},{a, b}, {a,c},{a,d},{b,c},{b,d},{c,d},{a,b,c}, {a,b,d},{a,c,d},{b,c d}}.
Let V = {x.y.z,w} with V/R' = {{x},{y,z,w}}and Y = {x,y}. Then 7(Y) = {V, ¢, {x}, {y,z, w}}. Define f: (U, (X)) -
(V,7r(1)) as f(a) =y, f(b) =2z f(c)=xf(d)=w. Then f({x}) = {c}, /" ({y,zw} ={ab,d}and f~* (V) = U.
That is, the inverse image of every Nano-open set in V is the N6g~ -open set in U. Therefore f is Né&g -continuous. Let A =
{b,c,d} S V.Then f (N6g" Cl(A)) = f ({b,c,d}) = {x,z,w}. But NCI(f(A)) = NCI({x,z,w}) = V.Thus f(NSg" CL(A)) #
NCI(f (A)). That is, equality does not hold in the previous theorem when f is N§g" —continuous.

Theorem 3.28 Let (U, 7x(X)) and (V,74(Y)) be two Nano topological spaces where X € UandY < V. Then t(Y)
= {V,¢,LR’ (Y),UR' (Y),BR' (Y)} and its basis is given by BR'={V,LR’'(Y),BR'(Y)}. A function f:(U,7x(X)) -

(V,7R(Y)) be NS6g" —continuous if and only if the inverse image of every member of BR " is N&g" in U.
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Proof : Let f be a N6g"—continuous on U. Let B € BR' . Then B is Nano-open in V. That is, B € t4(Y).Since N6g" -
continuous, f~! (B) € tx(X). That is, inverse image of every member of BR ' is N6g" in U. Conversely, let inverse image of
every member of BR' is N6g" in U. Let G be a Nano-open in V. Then G =U {B:B € B, }, where B; € BR' . Then
f1(G) =f*WU{B:B€B}) =uU{f?t(B):B e B} where f71 (B)is Nég" in U and hence their union, which is f !
(G)isN&g" inU. Thus f is N§g" -continuous on U.

Theorem 3.29 A function f:(U,7x(X)) = (V,7x(Y)) is N&g" -continuous if and only if f~* (NInt (B)) <
N&g"Int( f~* (B)) for every subset B of (V,7x(Y)).
Proof : Let f: (U, tr(X)) = (V,74(Y)) be N6g" —continuous. By the given hypothesis B S V. Then, NInt(B) is Nano-

openin V. As f is N§g" —continuous, f~* (NInt(B)) is N6g" - open in U. Hence it follows that N6g" Int ( f~! (NInt(B))) =
f~1 (NInt(B)). Also, for B € V,NInt(B) < B always. Then f~* (NInt(B)) < f~* (B). Since f is N§g"—continuous, it
follows that N6g" Int( f~* (NInt(B))) € N8g" Int f~* (B), hence f~* (NInt B) S N&g" Int( f~* (B)). Conversely, let f 1
(NInt B) € N&g"Int( f~* (B)) for every subset B of V. Let B be Nano-open in V and hence NInt(B) = B, Given f~!
(NInt (B)) € N&g" Int ( f~* (B)), thatis f~* (B) € N&g" Int( f~* (B)). Also N&g" Int( f~* (B)) < f~* (B). Hence it
follows that f~* (B) = N&g" Int( £~ (B)) which implies that £~ (B) is N5g"—open in U for every subset B of V. Therefore,
f:1(U,tx(X)) » (V,7p(Y)) is N&g" — continuous.
Theorem 3.30  Afunction f: (U, 7x(X)) - (V,7r(Y)) is N§g"—continuous if and only if N6g" CL(f~* (B)) <f~* (NCL(B))
for every subset B of (V, tx(Y)).
Proof : Let B< Vand f: (U, 1, (X)) = (V,7r(Y)) be N8g" -continuous. Then NCI(B) is Nano-closed in (V,7x(Y)) and
hence f~* (NCL (B)) is N&g" -closed in (U,7x(X)) . Therefore, N6g"CI( f~* (NCI(B))) = f~* (NCI(B)) . Since B < NCI(B)
,then f~1 (B) € F~L1(NCI(B)), thatis N6g" CI( f~* (B)) SN8g" CI(f~* (NCI(B))) = £~ (NCL(B)). Hence
N&g'ClL(f~* (B)) € f~* (NCL(B)). Conversely, let N6g" CI( f~(B)) € f~* (NCL (B)) for every subset B < V. Now, let B
be a Nano-closed set in (V,7z(Y)), then NCI(B) = B. By the given hypothesis, N6g" CL( f~* (B)) € f~! (NCL (B)) and hence
N&g" CI(f~1 (B)) < f~1 (B) .Butwe also have f~1 (B) € N&g" CI( f~* (B)) and hence N6g" CL(f~* (B)) = f*
(B). Thus f~* (B) is N6g" -closed set in (U, 75 (X)) for every Nano-closed set B in (V,tz(Y)). Hence f: (U, TR (X)) — (V, TR’
(Y))is N6g" —continuous.
Example3.31  LetU = {a,b,c,d} with U/R = {{a},{b,c},{d}} and X = {a, b}. Then 73 (X) = {U,®,{a},{b,c},{a,b,c}}and
hence the Nano-closed sets in U are {U,@,{d},{a,d},{b,c,d}}. The NSg"—open sets are {U,®,{a}, {b} {c},{a b},
{a,c},{a,d},{b,c},{b,d},{c,d},{a,b,c},{a b.d},{a,c,d},{b,c,d}}. Let V ={x,y,z,w} with V/R = {{x},{y,z,w}} and Y =
{x,y}. Thentx (V) = {V,0,{x},{y,z w}}and hence Nano-closed setsin V are {V, @, {x}, {y, z, w}}. Define f: (U, 7z (X)) -
V,tg (1)) as f(a)=y,f(b)=2zf(c) =x,f(d) =w. Then fis N5g" -continuous on U, since inverse image of every
Nano-open set in V is N6g" —open in U . Let B = {x,z} c V. Then N&g" CI(f~* (B)) = N6g" CI(f™! (x,2)) = Nég"
Cl({ b,c}) ={b,c}and f~L (NCI(B)) = f~L (NCI({x,2})) =f~1 (V) = U.Thus, Nog"Cl(f~1 (B)) # f~* (NCL(B)) . Also
f7Y (NInt B) = f~* (NInt{x,z}) = f~1(z) = {a} and N6g" Int(f"*(B) = Nog"Int(f~* ({x,2})) = N6g" Int({a,b}) =
{a,b}. Thatis, f~* (NInt B) # N&g" Int(f~* (B)). Thus, equality does not hold in theorem 3.2.29 and theorem 3.2.30 when f
is N&g"-continuous.
Theorem 3.32 Let(U, TR(X)) and (V, tx(Y)) be two Nano Topological space with respectto X € UandY < V respectively.
Then for any function f: (U, 7z (X)) = (V,7x(Y)), the following are equivalent
(i) fis NSg" —continuous.
(ii) The inverse image of every Nano-closed set in V is N6g"—closed in (U, TR(X)). (iii) f(N&g"
CL(A)) S NCL(f(A)) for every subset A of (U, 7x(X)).
(iv) The inverse image of every member of BR ' is N6g" — open in (U, 7z(X)) .
(v) f~Y (NInt (B)) S N&g" Int( £~ (B)) for every subset B of (V,7x(Y)) .
(vi) N&g"CI(f~ (B)) € f~* (NCI (B)) for every subset B of (V, ;(Y)).

Proof : The proof of this theorem follows from 3.2.24 to 3.2.30.

Theorem 3.33 Ifamap f: (U, 7z (X)) = (V,7r(Y)))) be N6g" — continuous and ~ g: (V, 74 (Y) = (W, 7{(2)) is Nano-
continuous, then (g ° f) is N§g"-continuous.

Proof : Let G be Nano-open set in W. Since g is Nano-continuous g~*(G) is Nano-open in V and we know that f is N6g"
-continuous then, (g ° ) ™t (&) =1 (g7 (&) is N&g" -openin U. Therefore, (g ° f) is N&g" -continuous.
Remark 3.34 Composition of two N&g" -continuous maps need not be N&g” —continuous maps.

Example 3.35 LetU = {a,b,c,d} with U/R = {{a},{b,c},{d}} and X = {a, b}. Then t,(X) = {U, ¢, {a}, {b,c},{a b,c}}.
Then N&g" -open sets are { U, ¢, {a}, {b}, {c}, {a, b}, {a, ¢}, {a, d}, {b, c}, {b, d}, {c,d}, {a, b, c}, {a, b, d}, {a,c,d}, {b,c,d}}. LetV =

{x.y.2z,w} with V/R' = {{x},{y,w,z}} and Y ={x,y}. Then (V) ={V,¢,{x}, {3y}
{2}, W}, {x, ¥}, {x. 23, e, w), (9, 23, [y, w3 2, w3, (9, 23, (o, y, W), (%, 2, W), (9, 2, w3}, Define f: (U, 7(X)) - (V,7r(Y)) as
f@=y.f®)=zf()=xf(d)=w.Then f~* ({x}) ={c}, W zw}) ={abd}and f~ (V) =U.Thatis,

the inverse image of every Nano-open set in V is the N5g" -open set in U. Therefore f is N§g"-continuous. Let W = {a, b, c, d}
with W/R" = {{a},{b,d},{c}}and Z = {a,b}. Then 14 (Z) ={W,p,{a},{b,d},{a,b,d}}.

Define g: (V, 7z (Y) » (W, 7z (2))asg (x) =b,g (y) =c¢,g (z) =d,g (W) = a.Then g~*({b,d}) = {x,z} g~* ({a}) = {w},
g7t ({a,b,d}) = {x,z,w}and f~* (W) = V. That is, the inverse image of every Nano-open set in W is the N§g" -open set in V.
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Therefore f is N&g"-continuous. But (g ° f) * ({a}) =f (gt ({a}) =f* {w}) = {d} isnot N6g"—openinU.
Therefore, Composition of two N§g" —continuous maps need not be N&g"-continuous maps.
Diagram 3.36 The following diagram shows the relationship between N&g" -continuous and other Nano- continuous that are

studied in this section.

Nano-continuous

R ) Nano generalized—continuous
N&g -conmtinuo
Nano semi*-continuous

Nano semi-continuous

Nano pre-continuous
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