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Abstrac t-  Our main aim is  to  show Fuzzy  set  theory  of  various  mathematical  structures,  whose  

features emphasize the effects of  ordered structure,  may be developed on the Fuzzy topologica l  

theory .  Fuzzy topology  i s  one such branch,  combining ordered with topologi ca l  structure.  This  i s  

wider than that  of  c lassica l  set  theory.  We also introduce the concept of  fuzzy nearly C --

compactness in  fuzzy topolog ical  spaces and fuzzy  bitopolog ical  spaces for deriv ing  so me interest ing 

applications  of  fuzzy  almost  continuous a nd fuzzy almost  open functions .  We also  derive  some basic  

character isat ion of  C--co mpactness in fuzzy  topolog ica l  space by C.  L.  Chang  ( 1 ) .  C.  L.  Chang and 

Zadeh ( 3 )  developed the  concept of  fuzzy  topological  spaces  based on the concept of  a  fuzzy set .   

 

Key-words:  Fuzzy Topolog ica l  space,  co mpactness ,  co mpact  space ,   -Open,  Set  theory  and regular 

closed set .  

 

1INTRODUCTION: 

We introduce the concept o f fuzzy near ly C --compactness in fuzzy b itopological  spaces.  We sta te  some 

propert ies related wi th the con cept o f fuzzy near ly C - -compactness and some of the character iza t ions in  

fuzzy topologica l  spaces  o f  fuzzy a lmost  -continuous,  fuzzy almost  -open funct ions .  A fuzzy 

topologica l  space  (X,  T)  i s  said  to  be  fuzzy compact  i f  every cover  o f  X by members  o f T  has a  f ini te  

subcover .  Also,  xdenote a  fuzzy point  wi th a  support  x  and value (0  <  1 ) .  For  a  fuzzy set  λ  in  X,  Let  

us wr ite  x∈  λ provided   = λ(x) .  A topological  space (X,  T)  is  said  to  be near ly C--compact  i f  for  any 

ordinary subset  A of  X,  A   X such that  χ A( the charac ter i s t ic  funct ion of  A ⊂  X)  i s  a  proper  regular  c losed 

se t  and for  each open cover  o f{λ  ;  ∈  ∆} of χ A  there exis ts  a  f ini te  subfamily {λ 1 ,  λ2 ,  . . . . . . ,  λ n} such 

that 𝜒𝐴 ⊂  ⋃ 𝐶𝑙𝑛
𝑖=1 (𝜆𝑎𝑖

).  The concept o f  near ly C -compactness in  genera l  topology has stud ied by P .  L.  

Sharma.  Let  x denote fuzzy topological  space,  whereas by a fuzzy set  in a  non -void set  X s tand for  a  

function λ from X to  the  unit  c losed interval  [0 ,  1]  (= I)  i .e . ,  λ  ∈  I X .  By x t  .  Fuzzy se t  whose va lue  a t  the  

single ton suppor t  { x} i s  t  and  0 for  a  fuzzy se t  λ  in  X,  1 -λ  denotes the fuzzy complement o f  λ and i s  

def ined  by (1  -  λ)(x)  = 1  -  λ(x) ,  fo r  each x ∈  X.  The notat ions  Cl(λ)  and Int(λ)  wi l l  s tand for  the  closure 

and inter ior  respec tively of the fuzzy se t  λ  in the  f ts  X.  For  any fami ly {λ i :  i  ∈  Λ} of fuzzy sets in X,  the 

union⋁ 𝜆𝑖𝑖∈𝛬 and⋀ 𝜆𝑖𝑖∈𝛬 are defined as ( ⋁ 𝜆𝑖𝑖∈𝛬 ) (x)  = sup
𝑖

𝑖 and(⋀ 𝜆𝑖𝑖∈𝛬 ) (x)  = 𝑖𝑛𝑓
𝑖

𝑖(x)  fo r  each x ∈  X,  where Λ 

is  an arb itr ary index se t  A of X is  denoted by χi  and  i s  def ined  as  

𝒳𝐴(𝑥) = {
1     𝑖𝑓 𝑥  𝐴
0     𝑖𝑓 𝑥 ∉ 𝐴

   …(1.1)  

Let  U = {λ}∈ △be a family o f members fro m T.  Then U is  ca l led a  cover  o f X i f ⋁ 𝜆∈𝛬 = 1   and a subfamily 

of U having a s imi lar  pro perty is  ca l led  asubcover  o f U.   

 

 

2 C--Co mpactness in Fuzzy Topological  Spaces :  

These def ini t ion shows  tha t  fuzzy compactness impl ies fuzzy near ly C --compactness .  A topological  

space is  sa id  to  be  near ly C - -compact  i f  given a regular  closed se t  A and a n -open cover  U = {O i | i  ∈ ∧}  

of A there exis ts  a  fini te  subfamily {O i ;  i  = 1 ,  2 ,  .  .  .  ,  n} of U such that 𝐴⋃ 𝐶𝑙
𝑛
𝑖=1 (𝑂𝑖).  Le t  (X,  T)  be a  

fuzzy topological  space.  (X,  T)  i s  said  to  be fuzzy near ly C --compact  i f  for  any ordinary subset  A of X,  

A   X such tha t  χ A( the  charac ter i s t ic  funct ion of  A ⊂  X)  is  a  proper  fuzzy regular  closed  se t  and for  each 

fuzzy -open cover  o f {λ ;  ∈  ∆}  of  χ A  there  exists  a  f ini te  subfamily {λ 1 ,  λ2 ,  . . . . . . ,  λn } such tha t  

𝜒𝐴⋁ 𝐶𝑙
𝑛
𝑖=1 (𝜆𝑎𝑖

).   

Let  X = {a ,  b},  T  = {0 ,  1 ,  f n} where fn :  X = {a,  b} → [0,  1]  i s  such tha t  fn(X) = 1 -
1

𝑛
,  ∀x∈  X.  The only 

possib le non-empty subsets o f X are A 1 = {a} and A 2= {b}.  Further ,  s ince Cl  Intχ A 1= 0   χ A 1  and Cl  Intχ A 2= 

0   χ A 2 ,  i t  fol lows that  χ A 1and  χ A 2are no t  fuzzy regular  c losed .  So  vacuously  (X,  T)  is  fuzzy near ly C --
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compact .  Now we cla im that  (X,  T)  i s  no t  fuzzy compact .  Indeed ,  o f ⋁ 𝑓𝑛 = 1
𝑛=1  shows tha t  {𝑓𝑛}𝑛=1

 is  a  fuzzy 

open coverof 1  X  but  for  every infini te  integer ,  say n 0 ,  we  have ⋁ 𝑓𝑛 < 1
𝑛0
𝑛=1 and therefore{𝑓𝑛}𝑛=1

  has no  finite  

subcover  for  1 X .  That  is  (X,  T)  i s  not  fuzzy compact .  

 

3 Propert ies of  Fuzzy Almost  -Cont inuous and  -Open :  

Let (X,  T)  and (Y,  S)  be any two fuzzy topologica l  spaces.  A mapping f  :  (X,  T)  → (Y, S)  i s  said  to  be 

fuzzy a lmost  a -open (-closed)  i f  the image of every fuzzy regular  open (closed)  se t  i s  fuzzy -open (-

closed) .  Le t  (X,  T)  and  (Y,  S)  be  any two fuzzy topological  spaces.  A mapping f  :  (X,  T)  → (Y, S)  i s  said  

to  be fuzzy almost  -cont inuous i f  the inverse  image of every fuzzy regular  open (c losed)  se t  i s  fuzzy -

open (-closed) .  Le t  X = {a,  b ,  c};    

Let  us  def ine  T 1= {0,  1 ,  λ}  and  T 2= {0,  1 ,  µ}  where λ(a)  = 0 ,  λ(b)  =
2

3
,  λ(c)  =

1

2
and  µ(a)  = 1 ,  µ(b)  = 0 ,  µ(c)  

= 0 .  Let  f  :  (X,  T 1)  → (X,  T 2)  be the  identi ty mapping.  In  (X,  T 2)  the  only non-zero fuzzy regular  open 

se t  i s  1  and  f - 1 (1)  = 1  sho ws that  f  i s  fuzzy a lmost  -continuous.  Now let  g :  (X,  T 2)  → (X,  T 1)  be the  

ident i ty mapping,  the  only non -zero fuzzy regular  open se t  in (X,  T 2)  i s  1  and f(1)  = 1  impl ies  tha t  f  is  

fuzzy a lmost  -open.   

 

4 Theorem:  

The image  of a  fuzzy near ly C --compact  space under  a  fuzzy a lmost  -continuous and fuzzy almost  -

open mapping i s  fuzzy near ly C --compact .  

Proof  

Let f  :  (X,  T)  → (Y, S)  be a  fuzzy a lmost  -continuous and fuzzy a lmost  -open mapping from a fuzzy 

near ly C--compact  X onto  Y.  I t  i s  to  be proved  that  Y is  also fuzzy near ly C --compact .  Le t  A be any 

subset  o f Y such that  χ A  is  fuzzy regular  c losed in Y.  Let  U = {λ i } i ∈ ∆ be a  fuzzy regular-open cover  o f χ A  

in  Y.  f - 1(χ A)  i s  a  fuzzy regular  closed subset  o f X and{ f - 1(λ i) i ∈ ∆ is  a  fuzzy regular  -open cover  o f f - 1(χ)  in  

X.  Since X is  fuzzy near ly C --compact ,  there exists  a  fini te  subfamily { f - 1( i) ;  I  = 1 ,  2 ,  .  .  . ,  n}  such 

that  

𝑓−1(𝒳𝐴)⋁ 𝑐𝑙

𝑛

𝑖=1

{𝑓−1(𝜆𝑖)}⋁{𝑓−1(𝑐𝑙(𝜆𝑖))}

𝑛

𝑖=1

            … (1.2) 

That  is  𝒳𝐴 = ⋁ {𝑐𝑙(𝜆𝑖)}𝑛
𝑖=1 .This proves tha t  Y is  fuzzy near ly C --compact .  

 

5 Comparative  structure of  C--Co mpactness  in  Fuzzy Bitopological  Spaces:  

The concept  o f fuzzy b itopological  spaces was introduced  by A.  Kandel  and subsequent ly fur ther  stud ied .  

By A.  E.  Sheikn.  A fuzzy bi topologica l  space i s  an ordered tr ip le  (X,  T 1 ,  T 2)  where T 1and T 2are fuzzy 

topologies on X.  A bi topological  space (X,  T 1 ,  T 2)  i s  sa id  to  be (1 ,  2) fuzzy n ear ly C -co mpact  i f  for  every 

se t  A ⊂  X such tha t  χ A  i s  a  proper  T 1  fuzzy regular  c losed set  and for  every T 2 - fuzzy open cover  U of χ A ,  

there exists  a  fini te  sub collect ion of U,  ( say)  λ 1 ,  λ2 ,  .  .  .  ,  λ n  such tha t  𝜒𝐴⋁ 𝑇2
𝑛
𝑖=1 − 𝐶𝑙(𝜆𝑖).Then (X,  T 1 ,  T 2)  

is  sa id  to  be pairwise  fuzzy near ly C-compact  i f  i t  i s  both (1 ,  2) -fuzzy near ly C-compact  and (2 ,  1) -fuzzy 

near ly C-compact .  A b itopological  space  (X,  T 1 ,  T 2)  i s  said  to  be  (1 ,  2) -fuzzy near ly C--co mpact  i f  for  

every set  A ⊂  X such that  χ A  i s  a  proper  T 1  –fuzzy regular  c losed set  and  for  every T 2 - fuzzy -open cover  

U of χ ,  there exis ts  a  fini te  sub -co llect ion of U,(say)  λ 1 , λ 2 , . . . . . ,λ n  such that  χ A=).  Then (X,  T 1 ,  T 2)  is  sa id  

to  be pa irwise fuzzy near ly C --compact  i f  i t  i s  both  (1 ,  2) -fuzzy near ly C--compact  and (2 ,  1) -fuzzy 

near ly C--compact .  

 

6 Theorem:  

Every pairwise fuzzy -continuous and pa irwise  fuzzy almost  -open image of a  pai rwise fuzzy near ly  

C--compact  space i s  pa irwise fuzzy near ly C --compact .  

Proof  

Let f  :  (X,  T 1 ,  T 2)  → (Y,  S 1 ,  S 2)  be any pa irwise fuzzy a lmost  -cont inuous and pairwise  fuzzy almost  -

open onto mapping.  Assume (X,  T 1 ,  T 2)  i s  pairwise fuzzy near ly C --compact .  We sho w that  (Y,  S 1 ,  S2)  

is  pairwise  fuzzy near ly C --compact .  

Let  A⊂  Y be such tha t  χ A  i s  a  p roper  S 1 - fuzzy regular  c losed se t  and  let  U be a  S 2 - fuzzy -open cover  o f  

χ A .  S ince f  i s  fuzzy almost  -continuous and fuzzy a lmost  -open,  f - 1(𝒳 A)  i s  T 1- fuzzy regular  c losed and  

{ f - 1()  :  U}is  a  T 2-open cover  o f f - 1(𝒳 A) .  S ince  (X,  T 1 ,  T 2)  i s  pa irwise  fuzzy near ly C --compact ,  

there exists  a  f in i te  sub -collect ion{ f - 1(µ k)  :  k = 1 ,  2 ,  .  .  .  ,  n}such that  f - 1(𝒳 A)  ⋁ 𝑇2
𝑛
𝑘=1 − 𝑐𝑙𝑓−1(

𝑘
.  Hence,  

we have  

𝒳𝐴 = 𝑓𝑓 (𝒳𝐴)⋁ 𝑓[𝑇2

𝑛

𝑘=1

− 𝑐𝑙𝑓−1(
𝑘

)] 

http://www.ijsdr.org/
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⋁ 𝑆2

𝑛

𝑘=1

− 𝑐𝑙(𝑓𝑓−1(
𝑘

)) 

⋁ 𝑆2

𝑛

𝑘=1

− 𝑐𝑙(
𝑘

)                                    … (1.3) 

This proves that  Y is  (1 ,  2) -fuzzy near ly C--compact .  We i t  may be show tha t  Y is  a lso (2 ,  1) -fuzzy 

near ly C--compact .  Thus i t  has been sho wn tha t(Y,  S 1 ,  S2)  i s  pa irwise fuzzy near ly C --compac t .  Hence ,  

the theorem is proved .   

 

7 Theorem:  

Let (X,  T 1 ,  T 2)  be any pairwise fuzzy near ly C --compact  space .  Then i f  A ⊂  X is  such tha t  χ A  i s  proper  

T i- fuzzy regular  closed and ℑ i s  a  fami ly o f T j - fuzzy -closed subse ts o f X such tha t{λ ∧  χ A ;  λ ∈ℑ} =  

0 , there  exis ts  a  f ini te  number o f e lements,  say {λ 1 , 2 ,  …. n} of  ℑ such that   

⋀{𝑇𝑗 − 𝐼𝑛𝑡𝑘𝒳𝐴}

𝑛

𝑘=1

 = 0, 𝑖  𝑗, 𝑖, 𝑗 = 1, 2        … (1.4) 

 

Proof  

We suppose (X,  T 1 ,  T 2)  is  to  be fuzzy pa irwise near ly C --compact .  Le t  A ⊂X be such that  χ A  i s  proper  

T i- fuzzy regular  closed and  ℑ i s  a  fami ly o f T j - fuzzy-c losed sets o f  X such tha t  {λ ∧  χ A ;  λ ∈ℑ} = 0 .  

Now ℑ {λ– χ A} 0  ⇒   ℑ𝒳 A ⇒𝒳 A1 - ⋀ ℑ =  V λ ∈ ℑ λ =V{1 - λ ;  λ ∈ℑ}.  So {1 - λ;  λ  ∈ℑ}is a  T j - fuzzy 

-open cover  o f χ A  which i s  T i - fuzzy r egular  closed and hence by assumption we have a f ini te  co llect ion,  

say 1 -  λ 1 ,  1  -  λ 2  ,  .  .  .  1  -  λn  such tha t  χA⋁ 𝑇𝑗
𝑛
𝑘=1 − 𝑐𝑙(1 − 𝑘) =  ⋁ (1 − 𝑇𝑗

𝑛
𝑘=1 − 𝐼𝑛𝑡𝑘) = 1  -⋀ 𝑇𝑗

𝑛
𝑘=1 − 𝐼𝑛𝑡𝑘. 

This implies ⋀ 𝑇𝑗
𝑛
𝑘=1 − 𝐼𝑛𝑡𝑘 1 - χA =  χX−A .  Therefore ,  χ A ⋀(⋀ 𝑇𝑗

𝑛
𝑘=1 − 𝐼𝑛𝑡𝑘)χAχX−A = 0 ⇒  ⋀ (𝑇𝑗

𝑛
𝑘=1 −

𝐼𝑛𝑡𝑘χA) =  0. Hence,  the theorem is establ ished .   
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