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Abstract- In this paper it is decided to derive the strong field lensing observables for black hole foils which is
considered as the Damour-Solodukhin wormhole and also to examine the range of the deviation parameter A for
which it mimics Schwarzschild black holes in both the classical and quantum level. The lensing observables for
the black hole SgrA* residing in our galaxy can be interpreted to provide an upper bound on A~1073 and until
any lower bound is established, all values of A below the upper bound should be treated equally probable.
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1 Introduction

Gravitational lensing is one of the very first application of General Relativity that has been ever studied [1]. It helps us
to find out the mass of the dark gravitational objects between the source and the observer. This theory is nicely confirmed
in the weak field but it is indeed a challenging task in case of the strong gravitational field. For such kind of issue, a
black hole or a wormhole could be a form of gravitational lenses.

Virbhadra and Ellis [2] showed that a source behind a Schwarzschild black hole would produce one set of infinite
relativistic images on each side of the black hole. The reason for such an interest in gravitational lensing in strong fields
is that by the properties of relativistic images it may be possible to investigate the regions immediately outside the event
horizon. Moreover, since alternative theories of gravitation must agree with GR in the weak field limit, then, indeed
deviation of light rays in strong fields is one of the most promising grounds where the theory of gravitation can be tested
in its full form.

Gravitational lensing by a Black hole [3] or a Wormhole [4] is determined when the light rays pass arbitrarily close to
the photon sphere in either case. Light rays passing infinitesimally close to the photon sphere winds up a large number
of times before escaping away.

Damour and Solodukhin (DS) [5] defined black hole “foils” as objects that mimic some aspects of black holes, while
differ in other aspects. This kind of model can be called here as DS wormhole. Wormholes are actually the solutions of
Einsteins theory as that of black holes and cannot be ruled out by any kind of experiments. It must have two
asymptotically flat mouths connecting two distant regions. A fundamental theoretical distinction between a black hole
and a wormhole is that while the former possess an event horizon, the latter has a throat where the gravity is at most.
The Null Energy Condition (NEC) and the Weak Energy Condition (WEC) are violated at least at or near the throat due
the presence of exotic matter. Despite of having the differences between black hole and wormhole, it is found that many
strong field features previously thought of as indicative of a black hole event horizon (i.e. ring-down quasi-normal
modes) can be remarkably mimicked by a static wormhole [6-10].

DS wormhole introduces a deviation parameter A in the Schwarzschild metric converting it in to a black hole foil. The

event horizon is then replaced by the wormhole throat 1y, = 2GM. DS found that, if the parameter A is sufficiently

small, i.e. A~e~47CM ’ ,then many observational features of a Schwarzschild black hole could be well mimicked by a

wormbhole in both classical and quantum level. For a distant observer, it is possible to distinguish a wormhole from a
black hole when the time scale is sufficiently long that is At = 2GMlog (}\iz), or quantum effect of hawking evaporation

again over a long-time scale At = 16mG2M?3. Consider a black hole SgrA* inside our galaxy started accreting matter 6

billion years ago, it could be a wormhole if A < e'lols, an incredibly tiny value indeed [5].

The main aim of this paper is to determine the observables for the DS wormhole and examine how small the values of
the deviation parameter A for which it will reproduce the observables for Schwarzschild black hole. In this work, Bozza’s
method will be applicable to DS metric for calculating the observables and provide an upper bound of A.

The paper is organized as follows. In Section 2, we will discuss Bozza’s method for calculating lensing observables in
strong field and then in Section 3 it is applied to DS wormhole. Then we will state the numerical comparison in Section
4 and finally the conclusion in section 5.
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2 Bozza’s method
The method starts with a generic spherically symmetric static spacetime
2 = A(x)dt? — B(x)dx? — C(x)(d8? + sin?06d¢p?) (2.1
The equation
c'x) A
Cc(x) - A(x) (2.2)
is assumed to admit at least one positive root and the largest root is called the radius of the photon sphere x,,,. The radius
of the photon sphere should exceed the horizon radius of the black hole or throat radius of a wormhole as the case may
be. A light ray coming from infinity will reach the closest approach distance x, from the centre of the gravitating source
before emerging in another direction. By the conservation of the angular momentum, x, is related to the impact
parameter u by

0
The minimum impact parameter is defined by
Cm
Un = 2 2.4)

where C,, = C(x,,) etc. From the null geodesics, the deflection angle a(x,) can be expressed as a function of closest
approach.

a(xg) =1(xp) — 7 (2.5)

I(xg) = [0 —2E8 2.

(x0) fxo e \[(2:470_1 (2.6)
In the weak field limit of deflection, the integrand can be expanded to any order in the gravitational potential and
integrated. When we decrease the impact parameter u the deflection angle increases. Decreasing u further bringing the
ray infinitesimally closer to the photon sphere will cause the ray to wind up a large number of times before emerging
out. Finally, at x, = x,,,, corresponding to the impact parameter u = u,,, the deflection angle will diverge and the ray
will be captured, i.e., it will wind around the photon sphere indefinitely.
Bozza [3] has defined a new variable

= f:—;‘)’ (2.7)
y=A) (2.8)

He has also shown that the divergence is logarithmic for all spherically symmetric metrices and hence the expression
of deflection angle becomes

a(xy) = —alog (;—; - 1) + b+ 0(xyg — x) (2.9
Then using the new variable defined by Bozza, the integral (2.6) becomes
1(xo) = flR(z x0)f (2, %0)dz (2.10)
R(z,xp) = L2 (1 Yo)v/Co @.11)
f(z,x0) = (2.12)

3’0—[(1—370)2"'3’0]?0
Clearly, the function R(z, x;) is regular for all values of z and x,, while f(z, x,) diverges for z - 0, where

f(z,x0)~fo(z,%0) = \/TW (2.13)
a= C_j‘) (Coyo — CoAp) (2.14)
(1 ) ! II2 ! ! n
B = Zczy:,s [2CoC5A5 + (CoCy — 2C5 )yoAp — CoCoyoAs] (2.15)

where prime denotes differentiation with respect to x.

Now, the angular separation of the image from the lens is tanf = DL ,where Dy is the distance between the observer
OL

and the lens [3]. Then the deflection angle equation (2.9) can be written in to a final form

a(6) = —alog (ul - 1) +b (2.16)

u = 6D,; (Assuming small 8) (2.17)

~_a_ R(0,%m)

N (2.18)

E=—n+bR+alog2yﬁ (2.19)
= A (2.20)
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Bm = .onzxm (2.21)
1

br = [, 9(z,xp) dz (2.22)

g(Z, xm) = R(Z' xm)f(ZJ xm) - R(O, xm)fO (Zr xm) (223)

Using this, Bozza proposed three strong lensing observables [4]

u

0, = (2.24)
Dor

s = Oexp (> — ) (2.25)

r = 2.5logqo [exp (%n)] (2.26)

where 6., is the asymptotic position approached by a set of images in the limit of a large number of loops the rays make
around the photon sphere (8., is also called the angular radius of the black hole shadow [11]), s is the angular separation
between the outermost image and the set of other asymptotic images and r is the ratio between the flux of the first image
and the flux coming from all other images.

In our next section we will calculate the strong field lensing coefficients {d, b, um} and the resultant observables
(6, s, 1) by applying the previous formulas to DS wormhole. The set {d, b, um} defines the “identity card” [12] of the
concerned lens that differs from lens to lens.

3 Application of Bozza’s method to DS wormhole
The DS metric is given by

2 _ a2\qp2 _ 4dr?

ds (g(r) —A%)dt pr

where g(r) =1 — @, the metric differs from the standard Schwarzschild metric only because of the presence of the

dx? —r2(d6? + sin?0d¢p?) (3.1)

dimensionless parameter A. When A = 0, we recover a black hole of mass M with an event horizon located at r = 2GM.
By contrast, when A # 0 the structure of the spacetime is dramatically different: there is no event horizon, instead there
is a throat at r = 2GM that joins two isometric, asymptotically flat regions. This spacetime is an example of Lorentzian
wormbhole [13].

Then applying the above formulas to DS metric, we get

_ (2M—-A%x, f 1+422—2A2+A2
R(Z' xO) - ( M )( 1+Zz—z)\2—27\2> (3'2)

1

f(z,x0)~fo(2,%0) = Tope (3.3)
2. _ _ 2
o= (A%xo—2M){3M—x,(1+22)} (3.4)
MxO
A2xo—2M) {6M—xo (1472
B = (Axo )41\{,1sz xo( )} (3.5)
The radius x,,, of the photon sphere can be derived from (2.2) as
3M
Xm = T3z (3.6)

Which gives the expressions in the following forms

R(Z X ) _ (Z—AZ) 142z—2zA24+A2
rml T 142 142z—7A2-2A2 )’

Az-2)? 1422
Om = Oxo=x, = O»Bx():xm = g(l_l_;\z)'ym = A(xp) = = (3.7
_2 3{(1+A2)—-z(A2-2)} _ 1

92, xm) = z [\/{(1—27\2)—2(7\2—2)}—{2(7\2—2)+3(1+7\2)} Vi-2a2 (3.8)
And the minimum impact parameter u,, takes the form

Uy = 3V3M(1 +22%)3/2 (3.9)
Then it follows from the equation (2.18) — (2.19) that the exact coefficients are

_ 1

T — 3(A2-2)°

b = —m + by + alog 2(110)2 (3.11)

1
br() = [ 9(2, %) (3.12)

(z )_g 3{(1+A2)—z(A2-2)} _ 1
g\z Xm) =7 {(1-222)—z(A2-2)}-{z(A2-2)+3(1+A2)} 1-2A2

IJSDR2402058| International Journal of Scientific Development and Research (IJSDR) www.ijsdr.org \ 395


http://www.ijsdr.org/

ISSN: 2455-2631 February 2024 IJSDR | Volume 9 Issue 2

4 Numerical Comparisons

For numerical comparison of lensing observables, we have chosen a massive black hole SgrA* residing at our galactic
centre having M = 4 X 10%solar mass, Dy, = 8 kpc, r (magnitude) = 2.5 X log,o(r). It expresses DS wormhole
for A # 0 and Schwarzschild black hole for A = 0.

5 Conclusion

It is very much clear from the table that the strong field coefficients (&, b) and observables (i, O, S, ) are very close
to the Schwarzschild when 0.001 < A < 0.05. As the last two rows show that for A~1073, lensing coefficients and
observables exactly determine known Schwarzschild values accurate up to four decimal places [3].

Table 1. Strong field lensing coefficients and observables for DS wormhole

Lens A a b U, X 10%2cm | 0, (uas) | s(uas) | r(mag)
0.05 1.0025 -0.4163 | 3.0876 25.8054 0.0323 6.8048
0.04 1.0016 -0.4105 | 3.0835 25.7707 0.0322 6.8109

DSwh | 0.03 1.0009 -0.4046 | 3.0802 25.7436 0.0322 6.8157
0.02 1.0004 -0.4028 | 3.0779 25.7244 0.0321 6.8191
0.01 1.0001 -0.4008 | 3.0765 25.7128 0.0321 6.8212
0.001 | 1.0000 -0.4002 | 3.0761 25.7089 0.0321 6.8218

Sch bh 0 1.0000 -0.4002 | 3.0761 25.7089 0.0321 6.8218

Among the lensing observables, the best one from the observational point of view is the angular diameter of the shadow
20, cast upon the background accretion flow. However, it is evident that the experimental sensitivity is needed to
distinguish between DS wormhole and black hole is still far ahead in near future.

Now A~1072 can be interpreted as an upper bound of the parameter. Hence, we conclude that until a lower bound is
established all the values of A below the upper bound should be treated equally probable.
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